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Abstract
We study some aspects of asymmetric orbifolds of tori, with the orbifold group being some
ZN subgroup of the T-duality group and, in particular, provide a concrete understanding of
certain phase factors that may accompany the T-duality operation on the stringy Hilbert
space in toroidal compactification. We discuss how these T-duality twist phase factors are
related to the symmetry and locality properties of the closed string vertex operator algebra,
and clarify the role that they enact in the modular covariance of the orbifold theory, mainly
using asymmetric orbifolds of tori which are root lattices as working examples.
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1 Introduction
Closed strings propagating on an orbifold [1, 2] present an important class of backgrounds
in which stringy phenomena arise strikingly from the notion of twisted sectors. A geometric
orbifoldO is the quotient of a target space manifoldM by the action of some discrete, metric-
preserving group G, i.e. O = M/G. Such an action typically leaves a number of points
fixed, and at these fixed points, even though the manifold suffers from conical singularities,
the orbifold string CFT is well-defined from the viewpoint of unitarity by simply including
additional ‘twisted’ sectors in which strings are closed up to the group action. Formally, the
string functional integral is the sum over maps from the worldsheet into the orbifold, and in
the neighborhood of the fixed points, the map is branched over the manifold’s covering space
[3, 4]. Such a concept may be generalized to generic CFTs with discrete symmetries. Thus,
given any CFT C admitting some discrete symmetry group G, it is natural to ask if it makes
sense to construct C/G. In the generic case, modding the theory out by G can no longer be
described geometrically as a closed string propagating on an orbifold, and we need to rely
on more abstract principles in place of our geometrical intuition in developing the notion of
twisted sectors. A fundamental question to be addressed is whether one could appropriately
lift G to be an automorphism of the operator algebra in a Hilbert space construction, and
whether the twisted theory remains local.
In this paper, we shall study closed string orbifolds of tori, with the orbifold group being a
ZN subgroup of the T-duality group. Recall that for a closed bosonic string wrapped on a d-
dimensional torus and coupled to a background Kalb-Ramond magnetic field, the T-duality
group is O(d, d;Z). This group contains, apart from the geometric GL(d,Z) subgroup,
orbifold elements which act differently on the string’s left and right movers. The notion of
such asymmetric orbifolds [5, 6] is of course natural in the context of the heterotic string
where it was first considered. For a d-dimensional toroidal compactification of the heterotic
string, on the even and self-dual lattice Γ16+d,d = Γ16,0+ dΓ1,1, we can, for example, consider
modding out the Hilbert space by left-right asymmetric action on dΓ1,1.
In general, it is a difficult question to derive the sufficient conditions for a duality group
to be a genuine automorphism of the operator algebra, and here we shall content ourselves
mainly with the conditions related to the broad principles of locality and modular covariance.
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To put it in the context of T-duality twists of toroidal compactifications, schematically, let
us denote the T-duality operation to be gˆ and consider its action in the untwisted sector.
When acting on a lowest-weight state labelled by the left and right momenta αL,R, a phase
factor ambiguity arises which we can express as follows.
gˆ|αL, αR〉 = U(g, α)|g(αL), g(αR)〉 (1.1)
where g(α) are O(d, d;Z) transformations of the momenta zero modes, and U(g, α) is a
phase factor which will play a role in the modular covariance of an orbifold of which twist is
generated by gˆ. Our main purpose here is to develop a concrete understanding of this phase
factor and compute it for some asymmetric orbifolds of the tori. By the state-operator
correspondence, we shall see that this phase factor is related to the symmetry properties
and mutual locality of the string’s vertex operator algebra in the untwisted sector. It will
inevitably make an appearance when we consider the modular covariance of the orbifold
CFT since it might be non-trivial when evaluated on any residual zero modes’ sublattices
invariant under the orbifold twist.
The fundamental ideas invoked in our analysis are established ones. For example, it
is well-known that the mutual locality of vertex operators requires the presence of certain
one-cocycle translation operators acting on the zero-mode space. Already in the seminal
papers [5, 6], it was mentioned that it is important to include such cocycle factors attached
to vertex operators to preserve their mutual locality. Physically, this can be understood as
the statement that the order of emission of gauge particles does not change the closed string
amplitude whereas mathematically, this is a familiar notion in the formal study of vertex
operator algebra [7]. As we shall discuss in detail, the presence of these factors leads one
to consistency equations that determine the phase factor in (1.1) in order to preserve the
ZN symmetry of the operator algebra. They are then generically manifest in the genus one
characters of the orbifold theory twisted by the same ZN symmetry.
At least to our knowledge, the relationship between the cocycle factors and the phase
factor in (1.1) has not been extensively explored as much as it deserves. Apart from the
seminal papers [5, 6], there is a delicate account of it in the theses of Hollowood [8] and Myhill
[9] in the general context of orbifolds, where their focus was on symmetric orbifolds of tori.
Building upon their work, we will explore the role of the twist phase factor in the context of
asymmetric orbifolds. A more recent inspiration comes from [10] where the phase factor in
(1.1) was understood along these lines to motivate a modular-covariant form of the one-loop
partition function of a single self-dual compact boson (X) twisted by the only non-trivial
element of O(1, 1;Z), i.e. XL → XL, XR → −XR. In the absence of these considerations,
one may be misled to thinking that this background is anomalous (see [11] for a separate
proposal for the Hilbert space construction). Yet as we shall discuss later, the inclusion
of these phase factors does not always preserve one-loop modular covariance in the general
case.
For the rest of the paper, we will present illustrative examples of how to derive and
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compute the phase factor in (1.1) in the context of ZN asymmetric toroidal orbifolds of which
twist lies in O(d, d;Z). We will find that this problem is reduced to solving some constraint
equations that descend from preserving the corresponding symmetry of the operator algebra
diagonalized in the eigenspaces of the twist. These equations involve the cocycle factors which
are needed to write down mutually local OPEs, and moreover can be neatly interpreted as the
triviality condition of a 2-cocycle valued in the second cohomology of the Narain momenta
lattice with U(1) coefficients. In formulating the problem for the class of asymmetric orbifolds
in which the twist in one chiral sector is trivial, we stumble upon a simple relationship
between the moduli space for these backgrounds and automorphisms of the Lie algebra of
which roots generate the toroidal lattice. In the simplest example of a chiral Z2 orbifold
of a compact boson, we will also observe that this phase factor arises in a similar fashion
at higher worldsheet genus. Other related results that are presented in this paper include
a straightforward discussion of the modular covariance of shift orbifolds and comments on
some asymmetric orbifold points of CY3 compactification of the heterotic string.
The toroidal orbifolds that we consider in this paper are simple examples of closed strings
whose boundary conditions are twisted by elements of the automorphism group of the string
CFT’s operator algebra. Orbifolding by T-duality offers a manageable class of non-geometric
backgrounds that are more clearly understood from the viewpoint of orbifold constructions.
More broadly speaking, the automorphism group can be non-perturbative when we twist
boundary conditions by S-duality (see for example [12, 13, 14, 15]) or more generally U-
duality [16, 17, 18]. Understanding these stringy monodrofolds [19] is not only interesting in
its own right, but they may also have some implications for string cosmology [20, 21, 22, 23],
string phenomenology [24, 25, 26] and modern duality-covariant frameworks of string theory
such as the likes of ‘Double Field Theory’ (see for example [27]) and gauged supergravity
theories [28, 29, 30]. The backgrounds that we are considering are sometimes called T-folds
at their self-dual points, and they may furnish a stage upon which we can further address
the notion of stringy non-geometry (see [31] for an interesting recent work).
The plan of our paper is as follows. In Section 2, we present the basic outline of our
approach, including a brief review of various basic conceptual ingredients, such as the notion
of modular covariance of genus-one characters, level-matching, cocycles etc. that we need
in shaping our narrative. In Section 3, as a warm-up, we consider the simplest T-fold in
detail (in this aspect, please also see [10] and [32]). In Section 4, we explore asymmetric
toroidal orbifolds, of which the orbifold group G is a ZN subgroup of O(d, d;Z), and derive
the constraint equations for the T-duality twist phase factor as the triviality condition of a
certain 2-cocycle of the momentum lattice. Section 5 contains concrete two-dimensional and
six-dimensional orbifold examples, some details of which are delegated to the Appendices.
In Section 6, we generalize our observations for the simplest T-fold at higher worldsheet
genus (which is a simple application of a related result presented in [33] for c = 1 CFTs
on Riemann surfaces). Finally, we end with concluding remarks and a few suggestions for
future work.
5
Relations to previous work : Orbifold twist phase factors were previously discussed
in [8, 9] in the general context of orbifolds and in [5, 6] for asymmetric orbifolds. Our
work builds on related ideas mentioned in these seminal papers, and can be regarded as a
more explicit exploration of these phase factors and their relation to modular covariance.
In [6], the origin of the twist phase factor is traced to a consistency condition that arises in
defining the bosonic partition function of any asymmetric orbifold as the square root of that
of a ‘parent’ non-chiral boson theory. Holomorphic factorization of stringy instanton sum
in the doubled theory requires the presence of a winding number-dependent phase factor
which then leads to a non-trivial phase factor in the partition function of the asymmetric
orbifold. Our starting point is different and it would be interesting to interpret the various
results particularly in the setting of modern T-duality covariant frameworks like in [27] where
asymmetric twists can possibly be treated as symmetric ones. Another important and more
modern inspiration for this work comes from [10] where the role of the twist phase factor in
the simplest T-fold was discussed in detail.
2 Generalities
In the following, we present the broad outline of our approach in our study of asymmetric
orbifolds of tori. The key entity that lies at the heart of our discussion is the phase factor
in (1.1) that accompanies the action of T-duality on the stringy states. This phase factor is
related to three essential notions: (i)the mutual locality of vertex operators (ii)preservation
of the T-duality symmetry in the closed string vertex operator algebra (iii)one-loop modular
covariance of the partition traces. In this section, we will present the main points of this rela-
tionship, leaving more explicit examples, technical details and generalizations to subsequent
sections.
A consistency principle which we allude to in this paper is the modular covariance of
one-loop partition traces, defined as
Zgh(τ) = Trh
[
g qL0 q¯L¯0
]
, q ≡ e2πiτ , (2.1)
where τ is the complex structure of the Euclidean toroidal string worldsheet and Zgh(τ)
denotes the partition function with the insertion of some twist element g that belongs to
the orbifold group and evaluated in the sector twisted by another element h. Under the
mapping class group of the torus, the partition traces transform onto one another under a
generic SL(2,Z) element as follows (see Appendix A ).
Zgh
(
aτ + b
cτ + d
)
= Zg
dh−b
g−cha (τ) . (2.2)
In this paper, we are mainly working with ZN orbifolds, and the modular orbits can be
organized straightforwardly. Now, level-matching conditions are typically taken by requiring
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an absence of global modular anomaly at one-loop. Take some partition trace Zgh(τ) and
consider the subgroup Γ(g,h) of SL(2,Z) that fixes the boundary condition, i.e. Γ(g,h) are
the stability groups for the abelian group generated by g and h. We then demand that
the partition trace picks up no phase under Γ(g,h) (see for example [69] for an illuminating
discussion). Of course, it is sufficient to check this for any single representative of each class
of partition traces closed under modular transformations.1 We can use the twisted sectors
without any twist insertion to be representatives of each closed orbit. Consider the trace
Z0h1(τ) which transforms as
Z0h1
(
aτ + b
cτ + d
)
= Z
h−b1
ha1
(τ).
Then, by Bezout’s lemma, it can be transformed onto another twisted sector Z0h2, if there
exists a such that ah1 = h2 mod N and gcd(a, ord(h1)) = 1. For example, if N = p × q,
with p, q being distinct primes, then there are three independent modular orbits of which
representatives we can pick to be Z01 , Z
0
p and Z
0
q . Level-matching translates into checking
their invariances under τ → τ + N , τ → τ + q and τ → τ + p respectively. Since the
other partition traces are related to them by modular transformations, the level-matching
conditions are equivalent to the modular covariance condition in (2.2).
In the context of toroidal compactification, we can let the twist to be some T-duality group
element specified by an O(d, d;Z) matrix acting on the space of winding and momenta zero
modes equipped with some toroidal lattice and a constant Kalb-Ramond B-field, together
with corresponding action on the left and right oscillators. Of course, the moduli have to
be self-dual under the twist. Now, there is a q-number phase ambiguity when we lift T-
duality symmetry to be a symmetry of the stringy Hilbert space, or equivalently by the
state-operator correspondence, of the operator algebra. Recall that the untwisted Hilbert
space H can be decomposed into the Fock space representation of the Heisenberg algebra
of the oscillators (F) and a zero mode space - the discrete space on which the left and
right-moving momenta zero modes reside, i.e.
H = F ⊗ ΛL,R =
∑
pL,pR
HpL ⊗HpR (2.3)
where we have also indicated a splitting of the Hilbert space into left and right sectors each
labeled by momenta zero modes. In the twisted sector labelled by h in the orbifold CFT,
we can imagine tensoring the orbifold twist g with a phase factor Uh(g, α)
2 where α are the
momenta zero modes, then each partition trace gets modified as
Zgh(τ)→ Trh
[
Uh(g, α)θLq
L0θRq
L¯0
]
, g = (θL, θR), (2.4)
1 To see this, start with a partition trace Zrs (τ) ≡ Z((r, s); τ) that is mapped back to itself under Γ. Now
under an SL(2,Z) element M , the twist indices and stability group transform as (r, s) → M−1(r, s) and
Γ→M−1ΓM . But Z (Γ′ ◦ (r′, s′); τ) = Z (Γ ◦ (r, s);M(τ)) = Z ((r, s);M(τ)) = Z ((r′, s′); τ).
2In the untwisted sector, we shall denote the phase factor by U(g, α) (as in (1.1)).
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where the twist element g can be described by independent twists θL,R in the left and
right sectors respectively. In this paper, we wish to understand these phases Uh(g, α) more
carefully. As we shall discuss later, we will find that they are generally of the form eiΩ
ijαiαj
where Ω is some constant matrix. We shall invoke two general well-known principles for
their construction as follows (see for example [8] and [9]).
The first principle relates to writing down the vertex operators in (2.12) correctly with
the inclusion of appropriate cocycle factors which act on the zero mode space of the stringy
Hilbert space ΛL,R. The Hilbert space decomposition is compatible with the quantization
rule
[x0L, pL] = [x
0
R, pR] = i, (2.5)
where x0L,R refer to the position zero modes in the left and right sectors of the theory. In
the classical string theory, there is not much meaning in assigning ‘left’ and ‘right’ to the
position zero modes, but in our study of asymmetric orbifolds, we will find that (2.5) is a
fine assumption. We can now separately discuss the zero-mode space of each chiral sector.
We assume a toroidal background equipped with some orbifold action, and define Cˆ(α) to be
the zero mode part of the string vertex operators refined with some possibly operator-valued
prefactor that preserves mutual locality (see for example [34] for a nice review). They are of
the form
Cˆ(α) = eiδ(pL,R,αL,R)eiαRx
(0)
R +iαLx
(0)
L , (2.6)
where δ(pL,R, αL,R) is a non-unique function of the momenta which we shall describe explicitly
in Section 3 and 4.3 . We note that Cˆ(α) furnishes a projective representation of the
compactification lattice as follows,
Cˆ(α)Cˆ(β) = ǫ(α, β)Cˆ(α + β) (2.7)
for some non-commutativity phase ǫ(α, β) which plays the crucial role of removing the branch
cut in the OPE of the otherwise unrefined vertex operators. Now the non-zero mode parts of
each of two vertex operators (separated in their insertion points by δz) give rise to a factor
(δz)
1
2
αRβR(δz¯)
1
2
αLβL in their OPE. Thus, if we let
ǫ(α, β) = e
iπ
2
(αRβR−αLβL)ǫ(β, α), (2.8)
we preserve the mutual locality of the vertex operators. From the associativity of the OPEs
among the vertex operators, one can show that
ǫ(α, β + γ)ǫ(β, γ) = ǫ(α, β)ǫ(α+ β, γ). (2.9)
It turns out that we can interpret ǫ(α, β) as an element of the two-cohomology of the Narain
momenta lattice. One can define a lattice’s R-cochain c as a map from R copies of the lattice
to U(1), and the coboundary operation acting on c to be
δc (α1, ..., αR+1) =
c(α2, ..., αR+1)
c(α1 + α2, α3, ..., αR+1)
× c(α1, α2 + α3, ..., αR+1)
c(α1, α2, α3 + α4, ..., αR+1)
× . . .
8
×c(α1, ..., αR)(−1)R+1 . (2.10)
Then one can see that (2.9) is nothing but a 2-cocycle condition. Mutual locality demands
(2.8) which implies that ǫ(α, β) cannot be a two-coboundary. ( In (2.7), if Cˆ(α) is a c-
number function, then ǫ(α, β) is indeed a two-coboundary.) There is however an equivalence
condition that we should impose that will fix ǫ(α, β) to be a class of the second cohomology
group. In (2.7), there is a gauge degree of freedom preserving (2.8) that corresponds to
Cˆ(α)→ eiδ(α)Cˆ(α), ǫ(α, β)→ ei(δ(α+β)−δ(α)−δ(β))ǫ(α, β) (2.11)
where δ(α) is some scalar function of α. Given some ǫ(α, β), one can construct an equivalence
class of it via (2.11) which preserves mutual locality. Later in Section 4.3.1, we shall develop
an explicit expression for it which turns out to be simply
ǫ(α, β) = e
iπ
2
(nα·mβ−nβ ·mα),
where nα, mα are the momentum and winding numbers associated with momentum zero
mode α. Secondly, we recall that as explained in [35], there is an elegant way of interpreting
the fusion algebra of a holomorphic CFT which enjoys a symmetry group G. We begin with
the untwisted sector, and let G be some ZN subgroup of the T-duality group. Under the
action of G, the operator algebra in the untwisted sector decomposes into sectors filled with
states transforming in the irreducible representations of G. For each of N non-isomorphic
representations of ZN , we can associate it with the following linear combination of vertex
operators V
V[a] =
∑
m
e−
2πima
N gˆm · V, gˆ · V[a] = e 2πiaN V[a], a = 0, 1, . . .N − 1, (2.12)
where gˆ is the T-duality twist operator that generates the ZN action. As explained in [35]
for a general G, the representation algebra should be identical to the fusion algebra of the
representations. Invoking this principle then, we see that this translates to
V[a] × V[b] ∼ V[a+b]. (2.13)
This furnishes constraint conditions for gˆ, which in turn relate the cocycle factors and the
phase factors in the untwisted sector which appear in (1.1) and thus, by the state-operator
correspondence in (2.13). As we shall explain in detail in Section 4.3, the constraints can be
straightforwardly derived to read
ǫ(g(α), g(β))
ǫ(α, β)
=
U(g, α + β)
U(g, α)U(g, β)
, (2.14)
U(gp+1, α) = U(gp, α)U(g, gp(α)),
N∏
j=1
U(g, gj(α)) = 1. (2.15)
Since g is an automorphism of the Narain lattice, ǫ (g(α), g(β)) is an element of H2(Λ, U(1))
just like ǫ(α, β). Diagonalizing the OPEs among the vertex operators leads us to consider
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the ratio between the two which, from (2.14) is clearly a two-coboundary. For the working
examples that we consider in this paper, the twist is trivial in one chiral sector, and the
ratio reduces to a trivial element of H2(Λ,Z2). Generally, for any orbifold twist, we can
compute this ratio given a solution to ǫ(α, β). Solving for the one-cochain phase factor
U(g, α) is then equivalent to solving a cohomological problem. Formally, all this means
that the consistency conditions we have derived can be understood as the triviality of the
ratio ǫ (g(α), g(β))/ǫ (α, β), with the twist phase factors being one-cochains that have to
satisfy (2.15). Thus far, our considerations pertain to the untwisted sector. To obtain the
appropriate form of twist phase factors in the twisted sector labelled by h, we can perform an
S transformation on Zh0 in which the phase factors are evaluated on the residual sublattice
invariant under the twist h, and thus are trivial elements of H1(Λ, U(1)) satisfying the group
composition law
U(gp1+p2, αinv.) = U(g
p1, αinv.)U(g
p2, αinv.), (2.16)
where αinv. refer to a momentum vector in the invariant sublattice. In particular, for asym-
metric twists which are trivial in one chiral sector, this implies that for ZN orbifolds where
N is odd, assuming that the consistency conditions (2.14)-(2.15) can be solved, there is no
non-trivial twist phase factors appearing in Zh0 .
Thus far, our discussion holds for a generic orbifold whether it is asymmetric or not. For
symmetric orbifolds, the O(d, d;Z) element is some geometric GL(d,Z) transformation of
the toroidal basis. If the Kalb-Ramond B-field is zero, we find (see Section 4.3.2 for details)
that the twist phase factor is trivial. Suppose now we turn on a B-field B0 that commutes
with the geometric twist as in
θB0θ
T − B0 = 0, (2.17)
then we still have the same O(d, d;Z) twist. Further, let us perform a gauge transformation
by shifting B0 with an antisymmetric integral matrix δB which does not obey (2.17). This is
equivalent to moving to another T-dual frame where the same twist θ is no longer a geometric
one but still acts symmetrically. If we compute the twist phase factor, it turns out that it
depends precisely on the LHS of (2.17), with B0 replaced by δB. Thus, even for symmetric
orbifolds, this twist phase factor is not trivial for those which are non-geometric. These
non-geometric orbifolds are simple to describe since they are related to the corresponding
geometric ones by a suitable shift in the B-field, yet they furnish an explicit class of examples
where the twist phase factors are non-trivial and which the non-geometry of the background
is precisely understood as arising from a gauge transformation of the B-field in the original
geometric orbifold. Generally, for asymmetric orbifolds, the twist phase factor is not trivial
even in the case of vanishing B-field.
In the subsequent sections, we shall solve for the phase factors explicitly for a class
of asymmetric toroidal orbifolds in which the twist is trivial in the left-moving sector, and
discuss how they appear in the partition traces by evaluating them on the residual sublattices
in the partition traces Zg0 . We find that while their inclusion does not completely guarantee
level-matching as orbifold CFTs on their own, in all the cases that we consider, their presence
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ensures that
Z0h(τ +Nh) = e
iδZ0h(τ), (2.18)
where Nh is the order of the twist h and δ is some real constant. In a broader sense,
these phase factors arise as necessary conditions for T-duality to be an automorphism of
the operator algebra yet they are not always sufficient for a consistent orbifold construction.
Nonetheless, the phase factor δ should be taken into account together with other possi-
ble similar factors when we tensor the orbifold CFT with other CFTs like that of twisted
fermions, shift orbifolds, etc. In Appendix A, we provide a review of the modular transfor-
mation properties of chiral bosonic and fermionic blocks capturing the oscillators’ degrees
of freedom. They transform like in (2.18), while the phase factors ensure the bosonic lattice
sums also transform likewise.
On this note, we should also mention that in [36], level-matching conditions are explained
to be the vanishing of certain characteristic classes in the orbifold group cohomology. In
[36], the analysis pertains to symmetric orbifolds of the heterotic string and thus only chiral
fermionic partition traces are taken into account, since the anomalous factors of the left- and
right-bosonic chiral blocks should cancel each other and there is no residual bosonic lattice
sum (apart from the internal 16-dimensional lattice). It would be interesting to furnish an
equivariant geometric understanding of the modular covariance of asymmetric orbifolds by
studying how the methods of [36] extend to twist phase factor-refined lattice sums.
To summarize, one can decompose the stringy Hilbert space into eigenspaces of the T-
duality symmetry operation, and demand that the operator algebra preserves the symmetry
in such a basis. Preserving mutual locality of the vertex operators in the untwisted sector
leads to non-trivial constraints among the two-cocycles and phase factors that accompany
the T-duality operations. These constraints can be interpreted as solving for the ratio
ǫ(α, β)/ǫ(g(α), g(β)) to be a trivial class of H2(Λ, U(1)), subject to certain orbifold group
action-dependent constraints for the twist phase factors (which are the one-cochains). When
evaluated upon the invariant sublattices, the twist phase factors are trivial elements of
H1(Λ, U(1)), and their appearances in the partition traces preserve the modular covariance
of the orbifold CFT, up to a constant phase factor as in (2.18). In the following sections,
we will provide various illustrations mainly using asymmetric orbifolds of root lattices as
working examples.
3 The simplest T-fold
As a warm-up, we first study a simple asymmetric orbifold S1/Z2, where the Z2 acts as a
chiral reflection on the right-movers. This twisted circle compactification is a T-fold because
the twist
XL → XL, XR → −XR (3.1)
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is the only non-trivial element of O(1, 1;Z). For this twisted compactification, the circle
radius must be frozen at the self-dual point, an important feature that distinguishes it from
its symmetric counterpart where the Z2 acts as a geometric reflection. In the latter, after the
orbifold identification, the S1 becomes a finite interval of which end-points are fixed points
of the Z2, leaving no restriction on the original radius modulus.
For the T-fold of (3.1), the partition traces were proposed in [10] to read
Z00(τ) =
1
|η(τ)|2
∑
n,w
q
1
4
(n+w)2 q¯
1
4
(n−w)2
Z10(τ) =
1
η(τ)
[
q¯−
1
24
∏
n
(1 + q¯n)−1
]∑
m
(−1)m2qm2
Z01(τ) =
1
η(τ)
[
q¯
1
48
∏
n
(1− q¯n− 12 )−1
]∑
m
q
1
4
(m− 1
2
)2
Z11(τ) =
1
η(τ)
[
q¯
1
48
∏
n
(1 + q¯n−
1
2 )−1
]∑
m
e
πi
2
(m2−m)q
1
4
(m− 1
2
)2 . (3.2)
In the above form, these partition traces satisfy the modular covariance (2.1) and there
are two features in (3.2) which are absent in the symmetric orbifold case. The first is that
the T-duality operator that is inserted in the sum does not merely switch the winding (w)
and momenta (n) but has an additional Z2 phase factor. Secondly, the momenta in the
twisted sector are different from what we would naively expect. Since T-duality switches
n ↔ w, the left-moving momenta modes vanish and we are left with the right-moving ones
but PR 6= n + w = 2n, and are instead quantized as m − 12 for some integer m. We now
proceed to understand the form of the partition traces in (3.2) in detail. First, we shall
elaborate on the cocycle factors and twist phase factors for the simplest T-fold. From (2.6),
we shall take the cocycles to be of the form
Cˆ(α) = ei
π
2
ζL(α)PˆL+i
π
2
ζR(α)PˆReiαLXˆL+iαRXˆR. (3.3)
Since they furnish a projective representation (see eqn. (2.7)) of the Narain momenta lattice,
they are of the form
ζL = m
R
LαR −mLLαL, ζR = mRRαR −mLRαL, (3.4)
and from (2.8), we obtain the condition
mRL +m
L
R = ±1. (3.5)
As mentioned earlier, there is a gauge degree of freedom corresponding to
Cˆ(α)→ eiδ(α)Cˆ(α), ǫ(α, β)→ ei[δ(α)+δ(β)−δ(α+β)]ǫ(α, β).
The phase δ(α) may be fixed by imposing the hermiticity condition Cˆ†(α) = Cˆ(−α), and if
so desired, we can compute δ(α) to read
δ(α) =
π
4
(
mLLα
2
L −mRRα2R + (mLR −mRL)αLαR
)
. (3.6)
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We note that in [10], the choice of mRL = m
L
L = m
R
R = m
L
R =
1
2
was made in (3.6). Now,
following (2.12) and (2.13), we now consider the OPE of two vertex operators labeled by Z2
indices a, b.
V (α, z1)[a]V (β, z2)[b] =
1
4
[
V (α, z1) + e
−iπagˆ ◦ V (α, z1)
]× [V (β, z2) + e−iπbgˆ ◦ V (β, z2)]
=
1
4
[
V (α, z1)× V (β, z2) + e−iπ(a+b) (gˆ ◦ V (α, z1))× (gˆ ◦ V (β, z2))
+ e−iπa (gˆ ◦ V (α, z1))× V (β, z2) + e−iπbV (α, z1)× (gˆ ◦ V (β, z2))
]
=
1
4
(δz)
1
2
kαRk
β
R(δz)
1
2
kαLk
β
L
[
ǫ(α, β)Cˆ(α + β) + e−iπ(a+b)ǫ(t(α), t(β))tαtβCˆ(t(α + β))
]
+
1
4
(δz)
1
2
αRβR(δz)−
1
2
αLβL
[
e−iπagαǫ(g(α), β)Cˆ(g(α) + β) + e
−iπbgβǫ(α, g(β))Cˆ(α + g(β))
]
,
(3.7)
where g(α) are the twisted momenta, and gα are the U(1) phases that appear when gˆ acts on
the cocycles. We seek conditions on these phases for the fusion rule (2.13) to be preserved,
and this should be done for each bracketed expression in the last line of (3.7). For the first,
we have the constraint
ǫ(α, β)gα+βCˆ(g(α+ β)) + e
−iπ(a+b)ǫ(g(α), g(β))gαgβgg(α+β)Cˆ(α + β)
= ǫ(g(α), g(β))gαgβCˆ(g(α+ β)) + e
−iπ(a+b)ǫ(α, β)Cˆ(α + β), (3.8)
from which we obtain
ǫ(α, β)gα+β = ǫ(t(α), g(β))gαgβ (3.9)
ǫ(α, β) = ǫ(g(α), g(β))gαgβgg(α+β). (3.10)
Identical constraints come from the second bracketed term, and (3.9)-(3.10) yield
gαgg(α+β) = 1. (3.11)
For the Z2 orbifold that we are considering, the non-commutativity phase ǫ reads
ǫ(α, β) = e
iπ
2
(nβwα−nαwβ). (3.12)
Assuming that all the quantum numbers are integer-valued, we find that the most general
solution to the phases gα reads
gα = e
iπnαwαeiπc(nα+wα) (3.13)
where c can be an arbitrary integer. In [10], c is set to be zero. This expression reproduces
the form of the partition trace Z10 . Note that when gˆ is inserted in the partition function,
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it forces all contributing states to have equal momenta and winding numbers, and thus
eiπc(nα+wα) = 1.
Finally, let us comment on the twist phase factor in the twisted sector. We have seen
that in the untwisted sector, preserving the symmetry of the operator algebra leads to a nice
relationship between cocycle factors and the twist phase factors. In the twisted sector, there
exists the notion of a twisted vertex operator σV corresponding to the states in the twisted
sector. Since two twisted vertex operators close onto an untwisted one, so one also needs
the notion of an untwisted vertex operator uV in the twisted sector, with the OPE relation
uV × σV ∼ σV. (3.14)
Like in the untwisted sector, one needs to ensure the mutual locality of the untwisted vertex
operators with suitable inclusion of cocycles for uV too. This would be treated carefully in
Section 4.3.3. For the simplest T-fold, uV creates a state of vanishing left-moving momentum
and right-moving momentum of an even integer say 2n, whereas σV creates one of vanishing
left-moving momentum and right-moving momentum quantized as Z − 1
2
. Earlier we have
derived the twist phase factor (3.13) in the untwisted sector which yields the twist eigenvalue
of uV to be eπin
2
. Demanding the twist eigenvalue of twisted state on the RHS of (3.14) to
be identical to the product of eπin
2
and that of σV on the LHS of (3.14) then leads to the
form of the phase factor in the twisted sector (see last line of eqn. (3.2)) as predicted by
modular covariance of the partition traces. Now, let us proceed to apply these observations
to general asymmetric toroidal orbifolds.
4 Asymmetric Toroidal Orbifolds
We can write the left and right momentum zero modes in a D-dimensional toroidal back-
ground as
PRi = ni − (Bij +Gij)mj, PLi = ni − (Bij −Gij)mj (4.1)
where ni, m
j are integral momenta and winding numbers, {G,B} are the D2 metric and B-
field moduli respectively. Under any O(d, d;Z) element O, the O(d, d;R)/(O(d;R)×O(d;R))
coset representative G and quantum numbers transform as
G ≡
(
G−BG−1B BG−1
−G−1B G−1
)
, G → O−1GOT−1 ,
(
m
n
)
= OT
(
m
n
)
, O ≡
(
a b
c d
)
.
(4.2)
We now construct an orbifold of the toroidal background by adopting O as the twist. Fur-
ther, we wish to restrict ourselves to cases where the twist is realized as independent linear
transformations of the left and right-moving momenta, i.e.
PRi (n,m)→
(
θR
)k
i
PRk , P
L
i (n,m)→
(
θL
)k
i
PLk (n,m) (4.3)
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We find that for (4.3) to hold, the background moduli must be self-dual. Defining E =
G+B upon which T-duality is realized as a fractional linear transformation, the self-duality
condition and twists read
E =
aE + b
cE + d
, G = θGθT (4.4)
θR = dT − EcT = (EaT − bT )E−1, θL = dT + ET cT = (ETaT + bT )ET−1. (4.5)
The self-duality condition is equivalent to keeping the conformal weights of P 2L,R invariant
or simply the metric-preserving condition for both left and right sectors. For later purposes,
we find it convenient to parametrize O in terms of θ. Defining
θ± ≡ θL ± θR, (4.6)
the element O can be written as3
O ≡ 1
2
(
θ−1L + θ
−1
R +Bθ
T
−G
−1 −(θ−1R + θ−1L +BθT−G−1)B + (GθT− +BθT+)
θT−G
−1 −θT−G−1B + θT+
)
, (4.7)
from which we see that we obtain an asymmetric orbifold whenever we have a non-zero c or
θ− = 2GcT .
4.1 T-duals of geometric twists in T 2 compactification
Z3,4,6 asymmetric orbifolds can be realized in each of two T-dual frames of the respec-
tive symmetric Z3,4,6 orbifolds by twisting with their crystallographic symmetries. In each
frame, both the left and right twists are rotations (they turn out to be inverses of each
other), so there are no surviving zero modes in the twisted sectors. Let us first describe
the well-understood symmetric orbifolds. In the lattice basis, the ZN rotations are realized
as SL(2,Z) matrices acting on the complex structure τ .4 Now let Og denote the geometric
SL(2,Z) action. The generator of the orbifold group reads
( Og 0
0 OT−1g
)
. The self-duality
conditions lead to the following backgrounds (ν denotes the order, with the rotation angle
being 2π/ν):
(i)τ = i,Og =
(
0 −1
1 0
)
, E =
(
V B
−B V
)
, ν = 4 (4.8)
(ii)τ = e
iπ
3 ,Og =
(
0 −1
1 −1
)
, E =
V√
3
(
2 1 +
√
3B
V
1−
√
3B
V
2
)
, ν = 3 (4.9)
(ii)τ = e
iπ
3 ,Og =
(
1 −1
1 0
)
, E =
V√
3
(
2 1 +
√
3B
V
1−
√
3B
V
2
)
, ν = 6 (4.10)
3One can check that our expression differs from equations 14-16 of [37] purely due to a difference in the
normalization of the moduli.
4In this and the next subsections, we will sometimes let τ denote the complex structure of the target
space torus, whereas for the rest of the paper, τ typically denotes that of the Euclidean worldsheet torus.
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In these orbifolds, the Kahler modulus ρ = B + iV is left unfixed. Let us now perform
T-dualities along each of the two cycles of T 2. For some Og =
(
α β
χ δ
)
, the orbifold twist
now possibly develops an asymmetric component. Letting O(1),(2) denote the generator after
T-dualizing along the X1,2 directions,
O(1) =
(
δ12 −iχσ2
iβσ2 α12
)
, O(2) =
(
α12 iβσ2
−iχσ2 δ12
)
. (4.11)
The background moduli are the T-duals of the former, and are rather simple to describe as
follows.
T-duality along X1: τ ↔ −ρ¯ (4.12)
T-duality along X2: τ → ρ|ρ|2 , ρ→
τ
|τ |2 : (4.13)
It is useful to write (4.11) in terms of the left and right twists θL,R via (4.7). In the T-dual
frame of each of the cases (i)-(iii), we find that the left and right twists (θL,R) are inverses of
each other, and are SL(2,R) transformations in general. They are thus asymmetric orbifolds.
The twists in both frames are related by θT1θ
T
T2
= 1. Below, we display θR = (θL)−1 and their
eigenvalues λ for each case. Note that the moduli parameters are the original ones before
we perform the respective T-dualities.
(i)τ = i, θR =
1
V
( −B −1
B2 + V 2 B
)
, λ = ±i (4.14)
(ii)τ = e
iπ
3 , (θR)−1 =
(
−1
2
+
√
3B
2V
−
√
3(B2+V 2)
2V√
3
2V
−1
2
−
√
3B
2V
)
, λ = e±
2πi
3 (4.15)
(iii)τ = e
iπ
3 , θR =
(
1
2
−
√
3B
2V
−
√
3
2V√
3(B2+V 2)
2V
1
2
+
√
3B
2V
)
, λ = e±
πi
3 (4.16)
Finally we note that if we T-dualize along both toroidal directions, we obtain a symmetric
orbifold with the inverse identification. Since both left and right-movers are rotated (in
opposite directions), there are no surviving zero modes, and the background moduli do not
appear in the expression of the one-loop partition function.
4.2 Constructing chiral asymmetric orbifolds
In the following, we shall construct asymmetric orbifolds which are not T-duals of geometric
ones. As a start, we restrict ourselves to those in which the orbifold actions are of the form
θL,R ∈ ZN , θR,L = 12. We shall henceforth refer to this special class of orbifolds as ‘chiral’
asymmetric orbifolds in this paper.
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Letting either the left or right action to be trivial, the respective O(d, d,Z) element then
reads
(i)OL =
(
12 + Ec EcE
T
c 12 + cE
T
)
, θL = 12 + 2Gc
T , θR = 12, (4.17)
(ii)OR =
(
12 + E
T c −ET cE
−c 12 + cE
)
, θR = 12 + 2Gc
T , θL = 12. (4.18)
Given a metric-preserving twist θ, there is no further restriction on the B-field apart from
the requirement that the matrix elements of O are integer-valued. Starting from any OL,R
above, we can construct a symmetric orbifold by taking the product
Osym. = OLOR =
(
12 + 2Gc −ET cE + EcET
0 12 + 2cG
)
=
(
θ−1 BθT − θ−1B
0 θT
)
. (4.19)
This element correponds to a symmetric orbifold with twist θ = 12+2Gc
T , θ−1 = 12+2Gc.
From (4.19), we see that any asymmetric T-fold of the above form must descend from a
symmetric orbifold, and that an element of the symmetric orbifold group does not necessarily
belong to the GL(d;Z) subgroup since we can perform a integral shift of the B field. The
converse is however not true. From a generic symmetric orbifold, one cannot always take
the ‘square root’ to obtain an asymmetric one with the original twist acting on the right or
left moving momenta.
In the following, we will describe some two-dimensional examples followed by a more
systematic description of appropriate moduli for higher-dimensional tori. Let us work with
τ = i and τ = e
iπ
3 . For these moduli, we can only find the following asymmetric orbifolds of
the form above (where the orbifold generator in one chiral sector is trivial). We display the
twists and their corresponding O(2, 2;Z) elements in Tables 1 and 2 below.
θR
(
1 0
0 −1
) (
−1 0
0 1
) (
−1 0
0 −1
)
OR


1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0




0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1




0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0


Table 1: τ = ρ = i. Note that contrary to the symmetric case, there is no Z4 element.
Together with the identity, the three θR form the group O(1, 1;Z) or equivalently the Weyl
group of A1 × A1.
For each case in Tables 1 and 2, there is a corresponding orbifold in which the same twist
defines a non-trivial θL instead of θR. Worldsheet parity symmetry yields the corresponding
commuting OL element which one can read off from (4.17). Thus, we can use them as
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θR
(
−1 0
−1 1
) (
0 1
1 0
) (
1 −1
0 −1
) (
0 −1
1 −1
)
OR


1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0




0 1 1 0
0 1 0 0
1 −1 0 0
−1 1 1 1




0 0 1 1
−1 1 1 1
1 0 0 −1
0 0 0 1




0 1 1 0
−1 1 1 1
1 −1 0 0
0 1 0 0


Table 2: τ = ρ = eiπ/3. Note that contrary to the symmetric case, there is no Z6 element.
Each element generates a Z2 action except for the last which generates a Z3 action. We
have omitted the inverse of the last entry. Together with the identity, they yield the discrete
group S3 - the Weyl group of A2.
building blocks to generate independent ZN actions on the left and right-moving sectors.
We can of course consider their O(2, 2;Z) orbits. Let T be the T-duality element which
defines the dual frame. In our conventions, the new orbifold element O˜ now reads
O˜ = T −1OT , E˜ = T −1 ◦ E,
(
m˜
n˜
)
= T T
(
m˜
n˜
)
. (4.20)
It is crucial to note that this does not exhaust all the possibilities of orbifold actions which are
asymmetric. We have encountered the class of T-duals of the geometric rotational orbifolds,
which in particular contains asymmetric Z4 twist for τ = i and Z6 twist for τ = e
iπ
3 . The left-
and right-actions are however not independent. Another class of asymmetric orbifolds can
be constructed in which there is a Z
(τ)
N ×Z(ρ)M action arising from the SL(2, Z)τ × SL(2, Z)ρ
subgroup. Factorized T-dualities exchange the complex structure and the Kahler modulus,
and from the T-duals of the geometric orbifolds, it is easy to deduce that in terms of their
right- and left twists, Z
(τ)
N is generated by θL = θR while Z
(ρ)
M is generated by θL = θ
−1
R .
Now, the T 2 orbifolds we have considered in Tables 1 and 2 can be equivalently described
as orbifolds of the root lattices A1 × A1 and A2 by their Weyl groups. For their geomet-
ric orbifold counterparts, there are more possible orbifolds, since automorphisms of these
root lattices do not just comprise of Weyl reflections but also outer automorphisms which
are geometrically realized as discrete symmetries of the respective Lie algebras’ Dynkin di-
agrams. For example, the Z4 and Z6 orbifold elements cannot be embedded in O(2, 2;Z) as
chiral asymmetric twists, but they do act legitimately in symmetric orbifolds of the same
tori of which they are associated with the Z2 outer automorphism group elements of the
respective root lattices. This simple fact prompts a broader question, namely, for a generic
d-dimensional chiral asymmetric orbifold of the torus of the form ΛR/G, where ΛR is a simple
Lie algebra’s root lattice and G some symmetry group, is the set of embeddable G always
equivalent to its Weyl group?
Let us first focus on root lattices of simply laced algebras of which rank is equal to the
torus dimensionality. From (4.17), it is clear that we require both c = 1
2
(θTL − 1)G−1 and
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E = G+B to be integral. We can endow the torus with a metric
Gij = k(αi, αj),
where αi are the simple roots and k is some suitable constant which we shall fix shortly.
Recall that the Weyl group is a Coxeter group generated by Weyl reflections about the
hyperplanes orthogonal to each simple root αm. In the language of (4.17), they are realized
as asymmetric twists θ(m) of the form
θ
(m)
ij = δij − Cimδmj (4.21)
where m is not summed over, and Cim ≡ 2(αi, αm)/(αm, αm) is the Cartan matrix. Normal-
izing all the roots’ lengths to be two, we then have
cji = −
1
2k
δjmδmi. (4.22)
After also taking into account the integrality of E, it is clear that we should set k = 1/2
which give us the self-dual moduli
Gij =
1
2
Cij , Bij = Gij ∀ i > j. (4.23)
Thus, all Weyl reflections can be embedded in O(d, d;Z) as asymmetric twists for the special
moduli (4.23). What about the outer automorphism groups? For A1 ×A1 and A2, we have
seen that they cannot be be embedded in the T-duality group as chiral twists. There are
not many of them and we can quickly check their relevance.
We display these twists in Figure 1 where each outer automorphism descends from a
permutation symmetry of the nodes of the respective Dynkin diagrams. Although they are
realizable as geometric twists, we checked that all of them unfortunately yield non-integral c
in (4.17), and thus they cannot be embedded in O(d, d;Z) as chiral twists. With a tad more
work, we can extend what we have learnt to the non-simply laced algebras too. The crucial
point is to invoke the fact that as root lattices, we have the equivalence
G2 ∼ A2, BN ∼ AN1 , CN ∼ DN , F4 ∼ D4. (4.24)
Each equivalence can be represented by a integral linear transformation matrix F that maps
the simple roots between members of each pair in (4.24). Using an explicit description of
the roots, we can derive these transformation matrices straightforwardly and relate between
the non-simply laced variables (tilded) and the simply laced ones as follows
G˜ = FGFT , B˜ = FBFT , θ˜ = FθF−1. (4.25)
Since the outer automorphism groups of the non-simply laced algebras are trivial by inspec-
tion, the Weyl (W) and outer automorphism groups (Γ) of the simply laced algebras should
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. . . . . . . . . . . .
(a)AN (b)E6
. . . . . . . . . . . .
(c)DN , N > 4 (d)D4
Figure 1: Outer automorphisms corresponding to discrete symmetries of the Dynkin di-
agrams. The twist groups are all Z/Z2 apart from the triality of D4 in which case the
symmetry group is S3.
map to the Weyl group of the non-simply laced ones (W˜). Formally, this is captured in an
exact sequence
1→ W˜ → W → Γ→ 1. (4.26)
Thus, for the root lattices of the non-simply laced algebras, not all members of the Weyl
group yield a chiral asymmetric orbifold, but only those which related to the simply laced
elements by (4.25). For example, for CN , the Weyl group is SN ⋉ (Z2)
N , but allowed chiral
asymmetric orbifolds elements derive from a smaller group SN ⋉ (Z2)
N−1 since we have to
mod out by Γ = Z2. Similarly, the chiral twists for F4 and BN yield orbifold groups that lie
in S4 ⋉ (Z2)
3 and (Z2)
N respectively.
Also, we wish to point out that there is a subalgebra within the operator algebra of these
asymmetric orbifold theories that is isomorphic to Kac-Moody algebras (associated with the
loop extension of the finite-dimensional Lie algebras of which roots generate the toroidal lat-
tice). This basically descends from the fact that, without orbifolding, toroidal backgrounds
which are root lattices of simply-laced Lie algebras admit such enhanced symmetries, and
thus are equivalent to WZW theories based on the same Lie algebras. For the chiral asym-
metric orbifolds discussed above, it turns out that our choice of the metric and B-field are
compatible with the emergence of these enhanced affine symmetries (see also [38, 39] for
related results).
Let us briefly review the well-known fact that affine algebras admit vertex operator rep-
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resentations. Recall that the affine currents Ja of conformal dimension one satisfy the OPE
Ja(z)J b(w) ∼ kG
ab
(z − w)2 +
ifabc J
c(w)
z − w (4.27)
where k is the Kac-Moody level, G is an appropriate Killing form and fabc are the structure
constants of the associated finite-dimensional Lie algebra. It turns out one can realize (4.27)
for simply-laced algebras with the theory of a free chiral boson Φ(z) with suitably normalized
zero-mode momenta. Now, let us denote Hk to be the generators of the maximal torus, and
Eα to be the raising/lowering operators associated with some root α. To realize (4.27), we
let the identity to be the extension operator, and
Hk(z) = i∂Φk(z), Eα(z) = V (α, z) = eiαkΦ
k(z), |α|2 = 2. (4.28)
And thus we see that the zero mode momenta are selected to lie in the root space of the
associated finite simple Lie algebra. This constraint sets up an operator subalgebra that
reads
Hk(z)Eα(w) ∼ α
kEα(w)
z − w , (4.29)
Eα(z)Eβ(w) ∼ (z − w)(α,β)Eα+β(w) + (z − w)1+(α,β)αkHk(w)Eα+β(w). (4.30)
For a simply-laced algebra, singular terms arise when we have (α, β) = −1 or (α, β) = −2
(and thus α + β = 0). In the former, the simple pole picks up a negative sign when we
exchange α ↔ β, z ↔ w. Mutual locality thus requires the presence of cocycle factors, of
which insertion implies that (4.29) and (4.30) are equivalent to (4.27) in the Cartan-Weyl
basis. In toroidal compactifications with non-zero Kalb-Ramond B-field, such enhanced affine
symmetries can then arise whenever there exists some set of left and/or right momenta which
act as roots of some simply-laced algebra, i.e. |pL,R|2 = 2.
In the context of chiral asymmetric orbifolds of toroidal root lattices of the ADE series5,
chiral twists which kill off all modes in either left or right sector imply that the surviving
zero modes read αkL,R = ±2Gkjmj . Since we adopt the metric to be half the Cartan matrix,
we arrive at precisely the correct normalization for (4.27) to be realized.
Finally, we comment on a class of asymmetric orbifolds considered in some papers [29, 28],
which are not T-folds. Recall that there is an O(d;R) × O(d;R) subgroup in O(d, d;R)
which preserves the spectrum. These transformations are symmetries of the theory in the
sense that they are tranformations acting on the O(d, d) coset metric G which preserves the
Hamiltonian, but they are not automorphism of the Hilbert space, or in this case, there
is no relabelling of winding and momenta numbers which are consistent with quantization.
The only elements for which the transformation is an automorphism belong to the subgroup
O(d;Z)×O(d;Z) as embedded in the T-duality group. In the lattice basis, defining the metric
5For non-simply-laced algebras, roots of other lengths require addition of free fermions whereas for other
levels, it is known that one needs free parafermions.
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G in terms of the vielbein G = eeT , we have θ = eRe−1, where R ∈ O(2,R).Explicitly, in
our chart
e =
1√
τ2
(
1 0
τ1 τ2
)
, R =
(
cos θ sin θ
− sin θ cos θ
)
, θR =
1
τ2
( −τ1 sin θ + τ2 cos θ sin θ
− sin θ|τ |2 τ1 sin θ + τ2 cos θ
)
.
Thus, we could have an asymmetric Z4 acting chirally for τ = i (or Z6 for τ = e
iπ
3 ) but these
orbifold elements are not contained in O(2, 2,Z).
4.3 2-cocycles and asymmetric twists in toroidal orbifolds
In the simplest T-fold, we have seen that for twisted sectors in which there are surviving zero
modes, the mutual locality of the vertex operators leads us to the correct construction of a
phase-factor refined orbifold twist. The modular orbit of Z10(τ) yields the other two partition
traces Z11 (τ) and Z
0
1(τ), revealing how the twisted zero modes are quantized and the twist
phase factor in the twisted sector. The former should be compatible with level-matching
conditions, and the latter compatible with a fusion rule that furnishes a representation of
the orbifold group. Below, we shall explore the universality of these relations for a general
asymmetric toroidal orbifold.
4.3.1 An expression for the 2-cocycle
We now present a simple expression for the cocycle. From (3.3),
ǫ(α, β) = ei(δ(α)+δ(β)−δ(α+β))e−
iπ
2
(αL·ζL(β)+αR ·ζR(β)), (4.31)
and thus, to preserve mutual locality of the vertex operators, we need
βL · ζL(α) + βR · ζR(α)− αL · ζL(β)− αR · ζR(β) = αR · βR − αL · βL. (4.32)
Now we adopt the following ansatz for θL,R. Restoring the indices,
ζmL (α) =
RY mnαRn − LY mnαLn, ζmR (α) = RZmnαRn − LZmnαLn. (4.33)
The condition that we are seeking for can thus be written as
βR·
(
RZ − RZT )·αR+βL·(LY T − LY )·αL+βL·(RY + LZT )·αR−βR·(LZ + RY T )·αL = αR·βR−αL·βL.
(4.34)
Guided by the simplest T-fold, we find the following solution for ζL,R(α) and δ(α).
ζL(α) =
1
2
(
G−1 −G−1BG−1) (αR − αL), (4.35)
ζR(α) =
1
2
(
G−1 +G−1BG−1
)
(αR − αL), (4.36)
δ(α) = −π
4
(αL · ζL(α) + αR · ζR(α)) . (4.37)
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The phase (4.37) was derived by imposing the hermiticity condition for the cocycles, i.e.
Cˆ†(α) = Cˆ(−α) which yields δ(−α) + δ(α) = −π
2
(kLζL + kRζR). From (4.35) - (4.37), we
can compute the non-commutativity phase to read
ǫ(α, β) = e
iπ
4
(βLmG
mnαRn−βRmGmnαLn−(αRm−αLm)Bmn(βRn−βLn)) = e
iπ
2
(nαmβ−nβmα). (4.38)
On the other hand, we note that the Cˆ(α) can be expressed in terms of ǫ(α, β) by defining
the momentum states created by Cˆ(α) acting on the vacuum, i.e.
|α〉 = Cˆ(α)|0〉,
upon which it is easy to see that
Cˆ(α) =
∑
β
ǫ(α, β)|α+ β〉〈β|. (4.39)
As mentioned earlier in Section 2, from the associativity of the OPEs among the vertex
operators, one can show that
ǫ(α, β + γ)ǫ(β, γ) = ǫ(α, β)ǫ(α+ β, γ), (4.40)
from which we can interpret ǫ(α, β) as a 2-cocycle of the Narain momenta lattice Λ. Further,
there is an equivalence condition that we should impose that will imply that ǫ(α, β) is a class
of the second cohomology group. In (4.39) (or (2.7)), there is a gauge degree of freedom
preserving (2.8) that corresponds to
Cˆ(α)→ eiδ(α)Cˆ(α), ǫ(α, β)→ ei(δ(α+β)−δ(α)−δ(β))ǫ(α, β) (4.41)
where δ(α) is some scalar function of α. For example, for the chiral asymmetric orbifolds
considered earlier in Section 4.2 where there are no surviving right-moving momentum zero
modes, upon evaluation on the invariant sublattice (Λ∗), αR = 0, αLi = 2Gijmj = Cijmj and
the 2-cocycle reduces to
ǫ(α, β)|α,β∈Λ∗. = e−iπBkimkαmiβ . (4.42)
We can perform a gauge transformation with
δ(α) = −π
4
∑
k 6=i
Ckim
k
αm
i
α
which takes us to
ǫ˜(α, β) = eiπ
∑
k>i Ckim
k
αm
i
β . (4.43)
This particular form of two-cycle has appeared more frequently in the literature of vertex
operator algebra (see for example [40]).
23
4.3.2 Twist operators from 2-cocycles and a fusion rule
Let gˆ denote a ZN twist, and consider the following linear combination of vertex operators
V (α, z1)[a] =
N∑
m=1
e−
2πima
N gˆm ◦ V (α, z1) (4.44)
which has a gˆ-eigenvalue of e
2πia
N . The OPE between two of them which reads
V (α, z1)[a] × V (β, z2)[b] =
∑
m,k
e−
2πi
N
(ma+kb)
(
gˆm ◦ V (α, z1)× gˆk ◦ V (β, z2)
)
(4.45)
should give us operators which have eigenvalues e
2πi
N
(a+b). As we saw in the case of the
simplest T-fold, we shall refine the T-duality twist by tensoring it with a U(1) phase factor
which we shall call U(g, α), i.e.
gˆ ◦ V (α, z1) = U(g, α)V (g(α), z1). (4.46)
The phase factor U(g, α) is nothing but the generalization of (3.13) for the simplest T-fold.
With (4.46), the RHS of (4.45) now reads∑
δ≡l−k
(δz)
1
2
αTRG
−1gl−kR ·βR(δz¯)
1
2
αTLG
−1gl−kL ·βL×
[
N−1∑
k=0
e−
2πi(k(a+b)+bδ−)
N U(gk, α)U(gδ−+k, β)ǫ
(
gk(α), gl(β)
)
Cˆ
(
gk(α) + gl(β)
) ]
(4.47)
where we have used the fact that
(gm · α)TG−1(gk · β) = αTG−1(gk−m · β)
Cˆ(g1+p(α))× Cˆ(gk+p(β)) = U(g1+p, α)U(gk+p, β)ǫ (g1+p(α), gk+p(β)) Cˆ (g1+p(α) + gk+p(β)) ,
(4.48)
since the twist g is metric preserving and thus satisfies G−1 = g†G−1g−1. Acting on (4.47)
with twist g, we obtain
∑
δ≡l−k
(δz)
1
2
αTRG
−1gl−kR ·βR(δz¯)
1
2
αTLG
−1gl−kL ·βL
[
N−1∑
k=0
e−
2πi((k−1)(a+b)+bδ−)
N ×
U(gk−1, α)U(gδ−+k−1, β)ǫ
(
gk−1(α), gl−1(β)
)
U
(
g, gk−1(α) + gl−1(β)
)
Cˆ
(
gk(α) + gl(β)
)]
.
(4.49)
Comparing (4.47) and (4.49), we obtain
U(g1+p, α)U(gk+p, β)ǫ
(
g1+p(α), gk+p(β)
)
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= U(gp, α)U(gk+p−1, β)U(g, gp(α) + gk+p−1(β))ǫ
(
gp(α), gk+p−1(β)
)
. (4.50)
We can recast (4.50) in more illuminating forms. Let’s judiciously take k = l = N −1 which
yields
U(g, α+ β)
U(g, α)U(g, β)
=
ǫ(g(α), g(β))
ǫ(α, β)
(4.51)
where we have invoked the boundary condition U(1, α) = 1. In (4.50), replacing α →
gp(α), β → gk+p−1(β), we can remove the appearance of the 2 cocycles and obtain
U(gp+1, α)
U(g, gp(α))U(gp, α)
=
U(gp+1, β)
U(g, gp(β))U(gp, β)
. (4.52)
Each side of (4.52) can be taken to be unity, and thus we arrive at the relations
U(gp+1, α) = U(gp, α)U(g, gp(α)),
N∏
j=1
U(g, gj(α)) = 1. (4.53)
As mentioned earlier in Section 2, these constraints can be interpreted as solving for the
ratio ǫ(α, β)/ǫ(g(α), g(β)) to be a trivial class of H2(Λ, U(1)), subject to certain orbifold
group action-dependent constraints for the twist phase factors (which are the one-cochains).
Further, when evaluated upon the invariant sublattices, the twist phase factors are trivial
elements of H1(Λ, U(1)). Shortly in Section 5, we will compute the twist phase factor
from (4.51) and (4.53) for some two-dimensional and six-dimensional examples of chiral
asymmetric orbifolds by solving the triviality condition.
For symmetric orbifolds, in the absence of a B-field, the orbifold twist is always a geometric
one (see eqn.(4.19)), and in this case, the metric-preserving relation G = θGθT suffices to
show that the RHS of (4.51) reduces to unity. Let us now turn on a B-field, in which case
we find that the RHS of (4.51) reads
e−
iπ
4
(αR−αL)m(θ−1Bθ†−B)
mn
(βR−βL)n (4.54)
Therefore, as mentioned earlier in Section 2, for B-fields which do not satisfy (2.17), the twist
phase factor is non-trivial even for symmetric orbifolds. As (4.19) reveals, this condition turns
out to be the defining one for the symmetric orbifold twist to be geometric. Such a non-
geometric background can nevertheless be regarded as the T-dual of a geometric bakground
(with the same metric and any B-field B0 satisfying (2.17)) with the T-duality element
T =
(
1 δB
0 1
)
, (4.55)
from which it is easy to see that the non-geometric nature arises simply from a gauge
transformation of the B-field via the shift B0 → B0 − δB for some suitable δB that appears
in the twist phase factor from (4.54).
Thus we have seen that the twist phase factor is non-trivial even for symmetric orbifolds
and precisely for those of them which are not geometric. In these cases, the effect crucially
depends on an appropriate B-field to be turned on. In the general case where the twist can
be asymmetric, even in the absence of the B-field, the twist phase factor can be non-trivial.
25
4.3.3 Untwisted vertex operators in twisted sectors
In the twisted sectors, we should also preserve the mutual locality of untwisted vertex oper-
ators invariant under the twist which we shall denote by uV . States in the twisted sectors
can be created by acting on a twisted state with these vertex operators. In the following,
we shall derive the equation to be satisfied by the cocycles for uV when we demand mutual
locality, and point out how the twist operators in the untwisted and twisted sectors should
relate to one another to preserve the symmetry of the operator algebra.
For definiteness, we shall restrict ourselves to chiral asymmetric orbifolds with a ZN twist
acting only on the right-movers, i.e. g = (1, θ), so θ denotes the twist that defines the
string’s boundary conditions in the twisted sector, and we let α˜L, α˜R denote the momenta
zero modes that lie in the invariant Narain sublattice. The untwisted vertex operators in
the twisted sector can then be written as
uV (z, z¯) = Cˆ(α˜)eiα˜L
uXL(z)eiα˜R
uXR(z¯) (4.56)
where Cˆ(α˜) is a cocycle operator, and
uX iL = x
i
L −
i
2
GijpLj lnz +
i√
2
∑
r∈Z
air
rzr
,
uX iR = x
i
R −
i
2
GijpRj lnz¯ +
i√
2N
∑
r∈Z/N
C¯ ir
rz¯r
, C¯ ir =
1
N
N−1∑
s=0
e2πirs (θs)ik a¯
k
Nr. (4.57)
We can compute the VEV of the twisted oscillators of which commutator reads
[
C¯ ir, C¯
j
s
]
=
Nr
N2
δN(r+s),0
N−1∑
µ,ν=0
e2πi(rν+sµ)Gmk (θν)im (θ
µ)jk
=
N−1∑
µ=0
re−2πirµGik (θµ)jk δr+s,0, (4.58)
leading to the expectation value
− 〈α˜R uXosc.(z¯)β˜R uXosc.(w¯)〉 = 1
2
N−1∑
µ=0
ln
(
1− e− 2πiµN
( w¯
z¯
)1/N)α˜Riθij β˜Rj
. (4.59)
Hence in the OPE of two uV , the right oscillators contribute a factor of
z¯−
1
2N
α˜Ri
∑N−1
µ=0 (θ
µ)ij β˜Rj ×
N−1∏
µ=0
(
z¯1/N − w¯1/Ne− 2πiµN
) 1
2
α˜Ri(θ
µ)ik β˜Rk
. (4.60)
The prefactor is cancelled by its inverse which arises due to the other terms in the OPE.
Upon exchanging z¯ ↔ w¯ and α˜ ↔ β˜, and taking into account the left-moving degrees of
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freedom, the anomalous factor that spoils the mutual locality (in the absence of the cocycle
factors) reads
exp
[
πi
N
(
β˜Ri
∑
µ
µ
(
θ−µ
)ij
α˜Rj
)
− πi
2
(
β˜Ri
∑
µ
(θµ)ij α˜Rj
)]
. (4.61)
As a consistency check, we note that if the twist is the identity, then independent of N ,
this factor reduces to e−
iπ
2
β˜R·α˜R which is the appropriate expression in the untwisted sector.
Similarly for the untwisted left-movers, we have e−
iπ
2
β˜L·α˜L. Thus, the overall factor which
needs to be balanced by the cocycles reads
exp
[
πi
N
(
β˜Ri
∑
µ
µ
(
θ−µ
)ij
α˜Rj
)
− πi
2
(
β˜Ri
∑
µ
(θµ)ij α˜Rj − β˜LiGijα˜Lj
)]
. (4.62)
We now turn to the cocycles Cˆ(α˜) which we write as
Cˆ (α˜) = eiφL(α˜)pˆL+iφR(α˜)pˆR, (4.63)
which in turn leads to the following expression for the 2-cocycle map
ǫ(α˜, β˜) = e−iα˜L·φL(β˜)−iα˜R·φR(β˜) (4.64)
and the mutual locality condition is then obtained by equating ǫ(α˜, β˜)/ǫ(β˜, α˜) to (4.61).
In the case where there are no surviving zero modes in the right sector, i.e. α˜R = 0, and
invoking the ansatz φnL(α˜) = φ
nm
L α˜Lm where φ
nm
L is some constant matrix, the mutual locality
condition yields the anti-symmetric part of φL.
Earlier, we have seen that for the untwisted sector, the cocycle factors are essential in
deriving the twist phase factor. In the twisted sector, the situation is somewhat different.
The twisted states are already eigenstates of the twist, and so are the invariant untwisted
vertex operators. There is a consistency condition for the twist phase factor, unrelated to
the cocycles, which can be simply expressed as
Uh
(
g, k˜ + ktwisted
)
= U
(
g, k˜
)
Uh
(
g, ktwisted
)
(4.65)
where ktwisted is some momentum vector in the lattice of the twisted sector h, of which the
(untwisted) lattice invariant under h is a sublattice.
As already mentioned in [10], the relation in (4.65) reflects the preservation of the sym-
metry of the operator algebra among the untwisted vertex operators and twisted ones (see
Figure 2). From a practical point of view, the other twist phase factors can be derived by
performing Dehn twists on the partition trace Z01 . For all the consistent orbifold examples
that we consider in this work, we find that (4.65) is nicely satisfied.
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|k˜〉
|k〉
|k + k˜〉
Figure 2: A schematic diagram depicting the absorption/emission of an untwisted state |k˜〉
that is associated with an invariant untwisted vertex operator uV from a twisted state with
momentum |k〉. Note that the dotted line represents the cut that signifies twisted boundary
conditions in the twisted sector.
4.4 Some general points on modular covariance of chiral orbifolds
In this section, we briefly present some general observations on the modular covariance of
chiral asymmetric orbifolds. First consider the case where there is no surviving instanton
sum in the right-moving sector. Then, in the untwisted sector with the insertion of the right
twist with eigenvalue e±
2πik
N , in the absence of twist phase factors, the surviving instanton
sum can be expressed as
Z10,inst. =
∑
m∈Z
eπ(2iτ)m
iGijmj (4.66)
which after an S transformation yields
Z01,inst. =
−iτ√
Det(2G)
∑
k∈Z
q
1
4
kiG
ijkj , (4.67)
thus allowing one to read off the multiplicity of the twisted sector Z01 as
√
4 sin2 πk
N
/
√
Det(2G)
where the numerator arises from the bosonic oscillators. This is a special case of the well-
known formula for the theta function of a D-dimensional lattice Λ that reads
ΘΛ∗(τ) =
√
Det Λ
(
i
τ
)D/2
ΘΛ
(
−1
τ
)
, (4.68)
where Λ∗ is the dual lattice. It is important to note that the zero mode quantization rule in
the twisted sector can be read off. Given some non-trivial U(g, α) in the untwisted sector of
the form e2πimφ in Z10,inst. for some constant φ, the twisted left momentum zero modes read
pL =
1
2
(k + φ), k ∈ Z.
Now for any chiral twist which kills off all right-moving momentum zero modes, on the
invariant left sublattice (n = Em), the condition (4.53) then translates to simply
U(θk, α˜L) = U(θ, α˜L)
k, (4.69)
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where α˜L refer to the residual left-moving momenta modes. Since U(θ, α˜L) is Z2 valued, this
means that for all θ of odd orders, there is no non-trivial twist phase factor appearing in the
partition trace Z10 .
With (4.69), we can just focus on U(θ, α˜L). Generally, the non-diagonal elements of Q in
U(g, α) are uniquely fixed by (4.51), while (4.53) yields contraints on the diagonal elements
depending on the lattice and choice of twist. As we shall see in explicit examples later, these
constraints turn out to be among those which preserve the level-matching condition. From
Z10 , performing a lattice Poisson resummation, we can obtain the lattice sum in the twisted
sectors. These are theta functions of the dual lattices (eg. weight lattices if the tori are
Lie root lattices) possibly weighted due to twist phase factors, and which should transform
under a Dehn twist as
Z inst.θ (τ¯ +Nθ) = e
iδθZ inst.θ (τ¯) (4.70)
for some constant δθ, and where we have denoted Nθ to be the order of twist θ. As we
shall observe in some examples in Section 5, not all lattice theta functions transform like in
(4.70). The inclusion of an appropriate twist phase factor is crucial for (4.70) to be true.
Similarly for cases where there are some residual zero modes in the right-moving sector, we
need to find the invariant sublattice and the twist phase factor, before performing a Poisson
resummation and an S transformation to read off the twisted partition traces.
4.5 Shift Orbifolds
Before moving onto explicit examples in which we compute the twist phase factors Uh(g, α),
in this section, we wish to consider a class of orbifolds defined by twisting toroidal theories by
translations. They are ZN×ZM orbifolds, in which we have independent shifts of momentum
and winding numbers. These orbifolds may furnish the role of the base of a freely acting
orbifold background constructed by fibering a rotational orbifold over it. First, let us recall
some basic facts about the orbifold of a compact boson X defined by geometric ZN shifts of
the form
sˆ : X → X + 1
N
. (4.71)
With regards to the left- and right-movers, the translation operator sˆ acts symmetrically on
both. We can describe the shifted boundary conditions by the characteristics δ = (δ′, δ′′)
where δ′, δ′′ = 0, 1/N, 2/N, . . . , (N − 1)/N . Corresponding to h = sˆNδ′ and g = sˆNδ′′ , the
twisted boundary conditions of X read X(σ1+1, σ2) = X(σ1, σ2) + δ
′′ (mod 1), X(σ1, σ2+
1) = X(σ1, σ2) + δ
′ (mod 1). The classical zero modes have winding numbers along each
worldsheet direction which we denote by m,n. Explicitly, we write Xcl.m,n(σ) = σ1(m+ δ
′′) +
σ2(n+δ
′). The string path integral can be split up into a product of a quantum part capturing
degrees of freedom of X −Xcl. coming from all the oscillators modes, and the classical zero
modes of which contributions read∑
m,n
e
−πR2
τ2
|τ(n+δ′)−(m+δ′′)|2
, (4.72)
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where we have restored its radius R. Performing a Poisson resummation in m→ w, we have
Zgh(τ) = Trh
(
gq
1
4
p2L q¯
1
4
p2R
)
=
1
|η|2
∑
n,w
e−2πiδ
′′wq
1
4(
w
R
+R(n+δ′))
2
q¯
1
4(
w
R
−R(n+δ′))2 . (4.73)
In (4.73), we see that in the basis labelled by momentum number w and winding number
n, g = sˆNδ
′′
= e−i(pL+pR)δX = e−2πiδ
′′w. More generally, one can set up an orbifold by
independent shifts in X and its T-dual X˜ , where the shifts are X → X + 1
N
, X˜ → X˜ + 1
M
Introducing two other shift parameters δ¯, δ¯′′, altogether we have δ′, δ′′ = 0, 1/N, . . . , (N −
1)/N and δ¯′, δ¯′′ = 0, 1/M, . . . , (M − 1)/M. In each twisted sector labeled by δ′, δ¯′, the
instanton part of the partition function which corresponds to summing over all classical
backgrounds with different winding modes reads
Z
(δ′′,δ¯′′)
(δ′,δ¯′)
(τ) =
∑
w,n
e−2πiδ
′′(w+δ¯′)−2πiδ¯′′(n+δ′)q
1
4
(
w+δ¯′
R
+R(n+δ′)
)2
q¯
1
4
(
w+δ¯′
R
−R(n+δ′)
)2
. (4.74)
This is thus an asymmetric translational orbifold. The above considerations generalize
straightforwardly for asymmetric shift orbifolds of tori, of which the one-loop partition traces
read
Z
(δ′′,δ¯′′)
(δ′,δ¯′)
(τ) =
∑
~m,~n
e−2πiδ
′′
k (m
k+δ¯′k)−2πiδ¯′′k(nk+δ′k)q
1
4
P 2L q¯
1
4
P 2R (4.75)
where the left- and right-momenta now depend on shifted modes, i.e. PL = (n+δ
′)+ET (m+
δ¯′), PR = (n+ δ′)− E(m+ δ¯′).. Under a Dehn twist τ → τ + 1,
Z
(δ′′,δ¯′′)
(δ′,δ¯′)
(τ + 1) =
∑
~m,~n
e2πi(m
k+δ¯′k)(nk+δ
′
k)e−2πiδ
′′
k (m
k+δ¯′k)−2πiδ¯′′k(nk+δ′k)q
1
4
P 2L q¯
1
4
P 2R
= e−2πiδ¯
′δ′Z
(δ′′−δ′,δ¯′′−δ¯′)
(δ′,δ¯′)
(τ). (4.76)
As for its behaviour under the action of S, we first perform a Poisson resummation in the
momenta modes to rewrite the trace as
Z
(δ′′,δ¯′′)
(δ′,δ¯′)
(τ) =
∑
~m,~w
e−2πiδ¯
′′δ′e2πi(δ
′
kw
′k−δ′′km′k+w′kBikm′i)e−
π
τ2
(m′km′lGkl+|τ |2w′kw′lGkl+2τ1m′kw′lGkl)
(4.77)
where we have defined m′ = m + δ¯′ and w′ ≡ w + δ¯′′. Then it is straightforward to check
that under τ → −1/τ , we have
Z
(δ′′,δ¯′′)
(δ′,δ¯′)
(
−1
τ
)
= e−2πi(δ
′′ δ¯′+δ′ δ¯′′)Z
(−δ′,−δ¯′)
(δ′′,δ¯′′)
(τ). (4.78)
Just like the chiral blocks, the shift orbifolds’ partition traces may suffer from global anomaly
in the sense that the twist labels may not furnish a faithful representation of ZN . In this
case,
Z
(δ′′−Nδ′,δ¯′′−Nδ¯′)
(δ′,δ¯′)
(τ) = e4πiNδ
′
k δ¯
′k
Z
(δ′′,δ¯′′)
(δ′,δ¯′)
(τ). (4.79)
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Now, a purely momenta or winding translational orbifold has no anomaly. However, one can
imagine fibering an anomalous ZN rotational orbifold (such as the Z3 chiral orbifold of the
A2 root lattice as we shall explain shortly) over a shift orbifold with conjugate anomalous
phase factor such that we have level-matching, i.e. Z01(τ+N) = Z
0
1 (τ). To this end, consider
the case where there is a ZN action generated by a 1/N shift in both momenta and winding,
parametrized as δk =
νk
N
, δ¯k =
ν¯k
N
, then from (4.79)
Z
(δ′′,δ¯′′)
(δ′,δ¯′)
(τ +N) = e
2πi
N
νkν¯
k
Z
(δ′′,δ¯′′)
(δ′,δ¯′)
(τ). (4.80)
By engineering {ν, ν¯}, these asymmetric shift orbifolds can thus act as suitable bases for
rotational orbifolds of which twisted partition traces satisfy level-matching up to a constant
anomalous phase factor.
5 On some chiral asymmetric orbifolds of T 2 and T 6
In this Section, we shall compute U(g, α) for some two and six-dimensional examples. De-
noting Nα = (nα, mα), we let U(g, α) take the form
U(g, α) = eiN
T
αQNα (5.1)
where Q is some constant matrix. Consider now the cases where the twist is trivial on the
left-movers. From (4.51), we have
Q +QT =
π
2
∣∣∣∣
(
c− cT − 2cBcT (c+ cT )E + 2cBcTE
2ET cBcT − ET (c+ cT ) ET (cT − c)E − 2ET cBcTE
)∣∣∣∣ (5.2)
where the equality sign is defined modulo 2π. Note that we take the absolute value of the
RHS to symmetrize the expression which is an antisymmetric matrix with every element
being an integer multiple of π. We are also interested in the lattice direction invariant under
the twist since they yield the residual string instanton sums in the partition traces. In the
case where c is invertible, this has the simple solution
n = Em. (5.3)
In other cases, one has to solve for the sublattice which is invariant under the asymmetric
twist. Now from (4.53), we have other constraints to be imposed onQ and we find that gener-
ically, they do not fix Q uniquely. But as we shall see shortly, we find that the constraints are
compatible with that of modular covariance which fixes those parameters unconstrained by
(4.53). In the following, Sections 5.1 and 5.2 deal with the computations of the phase factors
and partition traces in Tables 1 and 2, while Section 5.3 examines asymmetric orbifold points
of smooth CY3 compactifications of the heterotic string.
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5.1 Chiral Z2 orbifolds
We shall first comment on the orbifolds in Table 1 which can be understood as direct products
of the ordinary self-dual circle theory and the simplest T-fold. For example, for (i), the twist
acts trivially on an S1 and reflects the right-movers of the second circle. Hence, it is a
product of the circle theory and the simplest T-fold, and similarly so for (ii), while (iii)
is nothing but the product of two simplest T-folds. Earlier, we mentioned that for chiral
asymmetric orbifolds of tori with Lie root lattices, outer automorphisms are not embedded
in the duality group. In this semi-simple case, there is yet an outer-automorphism defined
by exchanging the two A1-theories though neither can it be realized as an asymmetric twist.
In Table 2 we have asymmetric orbifolds of the A2 torus with the twist being an element
of the Weyl group of A2. Building on our previous discussions, it is easy to see that
Z10(τ) =
1
η2(τ)η(τ¯ )
√
2η(τ¯)
θ2(τ¯)
Z10,inst.(τ). (5.4)
The oscillators’ contributions can be checked to be invariant under τ → τ + 1, so it remains
to see if the instanton sum is itself invariant. One can faithfully check that this is true for
the cases (iv)-(vi). If we perform τ → − 1
τ
, this takes us to the twisted sector for which we
are obliged to ensure that the zero modes level-match by L0−L¯0 = 12 (mod 1). The partition
trace reads
Z01 (τ) =
1
|τ |√−iτη(τ¯)η2(τ)
√
2η(τ¯)
θ4(τ¯)
Z10,inst.
(
−1
τ
)
. (5.5)
For the Z2 orbifolds in Table 2, the invariant Narain sublattices (Λ
∗) are all three-dimensional
ones. The main quantity of interest is Z10,inst., which we shall write as
Z10,inst.(τ) =
∑
α˜L,α˜R∈Λ∗
U(θ, α˜)e
πiτ
2
α˜2Le
πiτ¯
2
α˜2R =
√
DetΥ
∑
~v
e−π(~v−
~δ)iΥij(~v−~δ)j (5.6)
where ~v are integers, ~δ are half-integer shifts (each δi ∈ {0, 12} ) that are present in U(θ, α˜),
and Υ is a 3× 3 matrix that depends on τ , obtained after Poisson-resumming all quantum
numbers (second equality). As noted earlier, (4.51) does not fix the phase factor completely,
and in particular we have the freedom to specify diagonal constants in the Q’s ( i.e. the
exponential arguments of U(θ, α) ). They are a set of four even integers which are further
constrained by (4.53). When evaluated on the invariant sublattice, they yield Z2-valued
phase factors of the form
U(θ, α˜) = e2πi(δll+δmm+δnn), (5.7)
where the δi’s are the ones that appear in (5.6). After Poisson resumming and performing
τ → −1/τ , we obtain the zero modes in the twisted sector which are shifted in each direction
whenever the twist phase factor is non-trivial in Z10 . Upon taking τ → τ + 1, we obtain the
twist phase factor in the twisted sector which reads simply as
Uθ(θ, α) = e
iπ
2
(α2L−α2R). (5.8)
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Modular covariance translates into the sufficient condition Z01(τ + 2) = Z
0
1 (τ). We find that
this gives the same constraint on the δ’s as (4.53) and one more constraint which is precisly
that imposed by (4.65). Below, we display the zero modes, conditions for the twist phase
factors and the 3 by 3 matrix associated with the invariant sublattice (see eqn. (5.6)) for
(iv) - (vi) in Table 2. Please note that we have denoted the zero modes in the twisted
sector by primed quantities, and the quantum numbers are shifted accordingly by the δ’s,
e.g. m′ ≡ m+ δm.
(iv)For this orbifold, θR =
( −1 0
−1 1
)
,
α˜L = (2m+ l, n+m+ l), α˜R = (0, n− l),
α′L = (−m′,−l′ − n′), α′R =
(
0,
1
2
(m′ + n′ − 2l′)
)
, δm − δn = 1
2
, δlδn = 0,
Υ =
1
3|τ |2

 4τ2 −2τ2 3iτ1 + τ2−2τ2 3i2 τ1 + 52τ2 −3i2 τ1 − 12τ2
3iτ1 + τ2 −3i2 τ1 − 12τ2 3i2 τ1 + 52τ2

 . (5.9)
(v)For this orbifold, θR =
(
0 1
1 0
)
,
α˜L = (2m+ n, n+m+ l), α˜R = (n− l, n− l),
α′L = (−m′,−l′ − n′), α′R =
(
1
2
(−m′ − l′ + 2n′), 1
2
(−m′ − l′ + 2n′)
)
, δl − δm = 1
2
, δlδn = 0,
Υ =
1
3|τ |2

 12 (3iτ1 + 5τ2) −12 (3iτ1 + τ2) 3iτ1 + τ2−1
2
(3iτ1 + τ2)
1
2
(3iτ1 + 5τ2) −2τ2
3iτ1 + τ2 −2τ2 4τ2

 . (5.10)
(vi)For this orbifold, θR =
(
1 −1
0 −1
)
,
α˜L = (m+ n,m+ 2l), α˜R = (n−m− l, 0),
α′L = (−m′ − n′,−l′ − n′), α′R =
(
1
2
(l′ − 2m′ + 2n′), 0
)
, δl =
1
2
, δmδn = 0,
Υ =
1
3|τ |2


1
2
(3iτ1 + 5τ2) −2τ2 2τ2
−2τ2 4τ2 3iτ1 − τ2
2τ2 3iτ1 − τ2 4τ2

 . (5.11)
The spectra of the orbifold CFTs (iv)-(vi) are identical, and thus these theories are dual to
one another. A quick way to see this is simply to compare the partition trace Z10 , and to
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realize that each of them is related to the other two by a relabeling of the various winding
and momenta numbers. The important simple point to be taken from these calculations is
that the initial choice of a U(θ, α) which we determine using (4.51) and (4.53) is compatible
with level-matching. Modular transformations of the partition traces generate consistent
expressions for the twisted zero modes and the twist operator in the twisted sector. Another
important relation we observed is that the twist phase factors in the untwisted and twisted
sectors derived by the above procedure also satisfy (4.65).
5.2 A Chiral Z3 orbifold
As for the last case in Table 2, where the asymmetric twist is Z3, we find that (4.51) and
(4.53) lead to a trivial U(θ, α˜). Among the orbifolds in Table 2, this is the only case where
any non-trivial duality phase factor will violate the mutual locality condition of the vertex
operators in the untwisted sector. For this case, (4.51) gives us
Q =
π
2


a 0 1 0
0 b 0 1
1 0 c 1
0 1 1 d

 , U(θ, p˜) = exp
[
iπ
2
mT
(
a + c+ 2 2 + a
2 + a a+ b+ d+ 2
)]
(5.12)
where {a, b, c, d} are even integers left unfixed by (4.51). On the other hand, (4.53) yields
a + b+ d = 2, a+ c = 2. (5.13)
Thus, the residual instanton sum reads
Z10,inst. =
∑
m1,m2
qm
iGijmj . (5.14)
Although the twist phase factor is trivial in the untwisted sector, it is not so in the twisted
sectors. Let h denote the twist corresponding to that of the last entry of table 2, and let
Uh1(h2, ~m) denote the factor refining the instanton sum in Z
h2
h1
. We find
Uh(h
2, ~m) = Uh2(h, ~m) = e
iπ
2
miG
ijmj
Uh(h, ~m) = Uh2(h
2, ~m) = e−
iπ
2
miGijmj . (5.15)
It can be checked that they satisfy (4.65), thus preserving the symmetry of the operator alge-
bra among untwisted and twisted vertex operators. For a Z3 action, the modular covariance
relations describe the following closed S and T orbits.
S orbits : Z10 → Z01 → Z20 → Z02 → Z10 , Z11 → Z21 → Z22 → Z12 → Z11
T orbits : Z01 → Z21 → Z11 → Z01 , Z02 → Z12 → Z22 → Z02 , Z10 , Z20 self-dual.(5.16)
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On Z01 , we need to check that the level-matching condition holds. This is equivalent to
checking that it is invariant under τ → τ +3. We find that the instanton sum (5.14) satisfies
the identity
Z10,inst.
(
−1
τ
)
=
iτ√
3
Z10,inst.
(τ
3
)
(5.17)
which implies invariance under τ → τ +3 of the dual lattice sum since Z10,inst.(τ) is invariant
under τ → τ + 1 (with the factor of τ being cancelled by an identical factor in η(−1/τ)).
Generally, the dual lattice in the twisted sector contains the invariant sublattice that appears
in Z10 as a sublattice. In the twisted sectors, the right-moving zero modes read simply as
α˜R = (m1, m2). (5.18)
Thus far, the triviality of the twist phase factor appears to be compatible with modular
covariance. Yet for the overall modular covariance, one needs to take into account the
oscillators’ degrees of freedom. Then, the partition traces of this asymmetric Z3 orbifold
read
Z10 = Z
2
0 = q¯
− 1
12
∞∏
m=1
(
1− q¯me 2πi3
)−1 (
1− q¯me−2πi3
)−1 1
η2(τ)
∑
mi
q
3
4
miG
ijmj (5.19)
Z01 = Z
0
2 = q¯
1
36
∞∏
m=1
(
1− q¯m− 13
)−1 (
1− q¯m− 23
)−1 1
η2(τ)
∑
mi
q
1
4
miGijmj (5.20)
Z11 = Z
2
2 = e
2πi
9 q¯
1
36
∞∏
m=1
(
1− q¯m− 13 e− 2πi3
)−1 (
1− q¯m− 23 e 2πi3
)−1 1
η2(τ)
×
∑
mi
e−
πi
2
miG
ijmjq
1
4
miG
ijmj (5.21)
Z21 = Z
1
2 = e
4πi
9 q¯
1
36
∞∏
m=1
(
1− q¯m− 13 e− 4πi3
)−1 (
1− q¯m− 23 e− 2πi3
)−1 1
η2(τ)
×
∑
mi
e−πimiG
ijmjq
1
4
miGijmj . (5.22)
We note that the constant phases of e
2πi
9 and e
4πi
9 can be absorbed into the twist operator,
but this implies that these operators only realize the orbifold group projectively in the
twisted sector. The related conclusion is that this theory is anomalous by itself as one
can check that level-matching fails up to a constant phase factor e2πi/3. Expanding the
spectrum in q, q¯, the degeneracies are non-integral. These problems disappear when we
take the product of three identical copies of this orbifold CFT which yields a consistent
six-dimensional background that can be interpreted as an asymmetric orbifold points of a
smooth Calabi-Yau compactification. Also, as pointed out earlier, another consistent orbifold
can also be obtained by fibering this anomalous orbifold over an asymmetric Z3 orbifold in
which the twist is defined by a 1/3 shift in both momenta and winding in each of the lattice
directions. Finally, let us comment briefly that although the cocycles for the invariant
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untwisted vertex operators in the twisted sector do not directly affect the partition trace,
one can solve the mutual locality condition to determine part of (4.63). In this case, this
requires the anti-symmetric part of φL to be π/3.
5.3 Asymmetric orbifold points of Calabi-Yau compactifications
of the heterotic string
We now briefly comment on the modular covariance condition for a family of orbifolds of the
heterotic string which can be naturally regarded as asymmetric orbifold points of smooth
Calabi-Yau compactifications of which geometric orbifold points are known and tabulated
in Table 3. For these geometric orbifolds, the lattices are the root lattices of some suitable
ZN Twist vector ~ν Toroidal lattice
(i) Z3
1
3
(1, 1,−2) SU(3)3, E6
(ii) Z4
1
4
(1, 1,−2) SU(4)2
(iii) Z6
1
6
(1, 1,−2) SU(3)×G22
(iv) Z7
1
7
(1, 2,−3) SU(7)
(v) Z8
1
8
(1, 2,−3) SO(5)× SO(9)
(vi) Z12
1
12
(1, 4,−5) E6
Table 3: Some T 6/ZN orbifolds which are symmetric orbifold points of CY3 compactification
of the heterotic string preserving N = 1 supersymmetry in four dimensions.
semi-simple Lie algebras with the twist being an element of its Weyl or outer-automorphism
group. Those in Table 3 (see for example [41, 42, 43] for excellent reviews) preserve 4D N = 1
supersymmetry that descends from requiring the ZN holonomy group to lie in SU(3). Let
e±2πiνi be the eigenvalues of the twists acting on the complex coordinates zi, i = 1, 2, 3
parametrizing T 6, then this condition simply translates to
∑
νi = 0 mod 1. In the context
of orbifolding the heterotic string, we should specify a simultaneous ZN translation on the
16 internal compact left-moving bosons XI to preserve one-loop modular covariance. We
can write the quotient structure of this class of orbifolds as[
Λ6/Ogeo.
]⊗ [Λ16L /Oshift] , (5.23)
where Λ6 is the T 6 lattice, Ogeo. also acts on the right-moving worldsheet fermions, and we
have excluded the possibility of including Wilson lines for simplicity. One can consider their
asymmetric counterparts in a similar fashion that we have done so in the previous sections.
Instead of restricting ourselves to (5.23), we shall consider heterotic orbifolds of the form
[Γ6,6/O(6, 6;Z)]⊗
[
Λ16L / (Oshift)
]
, (5.24)
where Γ6,6 refer to the toroidal stringy Hilbert space, and we have picked our orbifold group
to lie in the O(6, 6;Z) of the T-duality group O(22, 6;Z) augmented with a set of suitable
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translations on the internal compact bosons. In particular, we shall focus explicitly on
orbifolds in which θR is identical to the geometric twist, θL is trivial. and there is a suitable
shift in the 16-dimensional lattice. We need to turn on a suitable B-field, as explained in
Section 4.2, and the above-mentioned twist can then be embedded if it purely consists of
Weyl reflections. These are the cases (i), (ii), (iv), (vi), i.e. products of simply-laced algebras.
We can straightforwardly check if the partition traces Z0h develop an anomaly under
τ → τ+N . For these chiral asymmetric orbifolds, the twisted right-moving bosons contribute
a factor of e
iπ
N
∑
i ki(1−ki) while the twisted fermions contribute a factor of e
iπ
N
∑
i k
2
i e
2πiN
3 (see
Appendix A for a derivation). Since the twists sum to zero, the residual instanton sum
must then be invariant under τ → τ +N (or at least up to some phase factor which can be
cancelled by an appropriate shift in the internal 16-dim. lattice).
In Appendix B, we compute the twist phase factors which characterize each asymmetric
orbifold. We find that when the twist is restricted only to the right-moving sector, the
asymmetric orbifolds corresponding to (i), (ii), (iv), (vi) are modular covariant. It would
be interesting to make our analysis of asymmetric orbifolds of the heterotic string more
systematic in view of the twist phase factors as new ingredients in our understanding of
modular invariance, by for example, including Wilson lines and twisting by other discrete
subgroups of O(22, 6;Z).
6 The twist phase factor at higher-genus for the sim-
plest T-fold
We begin by reviewing higher-genera characters of a toroidal bosonic string background (see
for example [44] and [45] for an excellent review). Let g denote the worldsheet genus. Then
the complete string partition function reads
Zg =
∫
dh dXexp
[
− 1
4π
∫
S
dτdσ
√
hhmnGij∂mX
i∂nX
j + ǫmnBij∂mX
i∂nX
j
]
(6.1)
where we integrate over all worldsheet metrics h that are compatible with Riemann surface
S of genus g. Let us define the canonical homology cycles (aα, bα) of S as follows. Define
ωα, α = 1, 2, . . . g be the holomorphic one-forms that span H1(S,Z) = Z2g, and the g × g
period matrix Ω = Ω1 + iΩ2 be
Ωαβ =
∫
aα
ωβ,
∫
bα
ωβ = δαβ ,
∫
aα
dX i = 2πniα,
∫
bα
dX i = 2πmiα (6.2)
where we have defined niα, m
i
α to be the d× g−dimensional winding and momentum vector
modes. The complete partition function in (6.1) can be written as an integral over all the
3g − 3 modular parameters. In the following, we shall first consider the classical instanton
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sector of the partition function. The winding numbers along each cycle are now d × g-
dimensional vectors. The partition function reads
Zcl.(G,B, τ) =
∑
n,m
exp
[
− πmiα( 1
Ω2
)αβGijm
jβ − πniα(Ω2 + Ω1 1
Ω2
Ω1)αβGijn
jβ
+2πniα(Ω1
1
Ω2
)αβGijm
jβ + 2iπmiαBijn
jα
]
. (6.3)
This can be Poisson resummed just as in the torus case. The result is known and the classical
zero modes’ part can be cast into the familiar form
Det(Ω2)
d/2
∑
P iLα,P
i
Rα
q
1
4
GijP
i
LαΩαβP
j
Lβ q¯
1
4
GijP
i
RαΩ¯αβP
j
Rβ (6.4)
where P iLα, P
i
Rα are the higher-genera left and right momentum zero modes. Just like in the
case of genus one, the stringy instanton sums can be expressed in terms of theta functions
associated with Riemann surfaces of higher genus endowed with the period matrix (see
Appendix A.3). The notion of modular covariance involves the transformation property of
the higher-genus partition traces under the symplectic modular group Sp(2g,Z) defined as
all integral 2g × 2g matrices M satisfying the following property
M =
(
A B
C D
)
∈ Sp(2g,Z), ACT = CAT , DBT = BDT , ATD −BTC = 1, (6.5)
which act on the period matrices as
Ω′ = (AΩ +B) (CΩ +D)−1 . (6.6)
As we have seen in the genus one case, the partition traces of an orbifold are labelled by
twisted boundary conditions along each canonical cycle and they must transform onto one
another under elements of the symplectic modular group.
In this section, we shall consider the case of Z2 for definiteness. As explained in the
seminal work [33], it is useful to understand double-valued fields on a Riemann surface S of
genus g in terms of single-valued ones living on the double cover Sˆ of S. Suppose the field
is anti-periodic along a cycle, say bg, then there is a branch cut running along the cycle ag.
We can use this branch cut to define Sˆ by taking two copies of S, slicing each apart along
ag and finally pasting the them together, yieiding a surface of genus 2g− 1. We can adopt a
choice for the canonical cycles of Sˆ by one that projects onto the corresponding cycle on S.
Let π be the projection that takes H1
(
Sˆ,Z
)
to H1 (S,Z) such that π(aˆk) = ak, π(bˆk) = bk.
Such a choice is unique up to modular transformations on Sˆ. The other g − 1 pairs of
canonical cycles can be formally defined by taking images of aˆk, bˆk under an involution (ι)
which exchanges the two copies of S, with ag, bg being mapped back to themselves. We now
introduce differential one-forms νi = νi(zˆ)dzˆ which are odd under the involution. Just like
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the holomorphic one-forms of S that define the period matrix, one can normalize them and
construct a symmetric (g−1)×(g−1) period matrix Πij corresponding to these differentials,
i.e. ∮
aˆi
νj = −
∮
ι(aˆi)
νj = δij,
∮
bˆi
νj = −
∮
ι(bˆi)
νj = Πij , (i, j = 1, . . . , g − 1). (6.7)
The one-forms ν are the Prym differentials and Π the Prym period which is fixed by the
original period matrix of S up to the action of the Torelli subgroup. An implicit relation
between these periods can be obtained by using theta functions defined on Riemann surfaces
of genus g and g − 1.
Henceforth, we will restrict ourselves to genus two for an explicit account (see [46] for
a related analysis), though higher-genera generalizations should be straightforward. The
classical string instantons fall into 22×2 distinct sectors corresponding to H1(S,Z2) and like
in characterizing the genus two theta functions, we can introduce a two-by-two matrix valued
characteristic ǫ where the vectors in the top and bottom indicate periodic/anti-periodic
boundary conditions along the a and b cycles respectively. For definiteness, let’s take the
following twist to construct the unramified double cover described previously.
ǫ =
(
0 0
0 1
2
)
. (6.8)
And we shall denote the Prym period in (6.7) by τǫ. It is a beautiful fact that the Prym
period can be related to the period matrix of S by the implicit relations
θ
[
δ+i
]
(0,Ω)2θ
[
δ−i
]
(0,Ω)2
θi(0, τǫ)4
=
θ[δ+j ](0,Ω)
2θ[δ−j ](0,Ω)
2
θj(0, τǫ)4
, for i, j = 1, 2, 3, i 6= j
δ+2 =
(
1
2
0
0 0
)
, δ+3 =
(
0 0
0 0
)
, δ+4 =
(
0 0
1
2
0
)
, δ−k ≡ δ+k + ǫ, (6.9)
where the index on the twist of the genus two theta functions is chosen to be compatible
with the characteristic labeling of the genus one theta functions. This ‘Schottky’ relation
can be proved by describing the genus two surface as a hyperelliptic curve and using Thomae
identitites to relate branch points and the theta functions ( see for example [47] ). Given
some period matrix Ω, this fixes the Prym period up to a translations of integral multiples
of eight. We note that the twist vectors in the first column of δ±i in (6.9) can be identified
with the three even spin structures in the genus one case, and that θj(0, τǫ) are genus one
theta functions.
For the purpose of tracking the modular covariance of asymmetric orbifold CFTs on
higher-genus curves, recall that our starting step involves finding an appropriate Z2-valued
phase factor that accompanies the T-duality twist by seeking mutual locality consistency con-
ditions for the string vertex operators. As we mentioned earlier, such a condition shouldn’t
depend on the global properties of the string worldsheet, so roughly speaking, we should
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expect our considerations to generalize straightforwardly for worldsheet of higher genera.
Nonetheless, recall that the Z2-valued phase factors involve winding modes that make sense
with reference to the topology of the worldsheet. Below, we wish to explore this fact explic-
itly for the simplest T-fold, leaving generalizations to other asymmetric orbifolds for future
work.
We begin with the case of the geometric Z2 orbifold of the self-dual boson - the symmetric
counterpart of the simplest T-fold. To any genus expansion, it was explained beautifully in
[33] that this CFT has the simple equivalent description in terms of the CFT of a boson
of twice or half the self-dual radius (in our units, it’s the unity). We can begin with the
partition function corresponding to the orbifold twist specified in (6.8)
Zǫ (Ω) = Z
quant.
ǫ
∑
PL,R
q
1
4
P 2L q¯
1
4
P 2R, q ≡ e2πiτǫ , q¯ ≡ e−2πiτ¯ǫ , (6.10)
where the residual left and right momenta modes descend from the string winding around
those cycles that project onto the untwisted cycles in the surface S, and we have temporarily
denoted the excited stringy states’ contributions to be Zquant.ǫ . The other partition traces
can be obtained from (6.10) by acting on the latter with elements of Sp(4,Z).
Now, Zquant.ǫ depends solely on the determinant of the Laplace equation on the curve,
with global boundary conditions specified by the twist ǫ. In the genus one case, the Laplace
equation can be solved explicitly with the oscillators as the Fourier modes, and Zquant.ǫ is
the inverse of the absolute square of the Dedekind eta function. As we reviewed in Section
two, in some twisted sector, one can compute the twisted determinants easily to yield the
chiral blocks expressible in terms of the genus one theta functions and the eta function. For
higher-genera, it is not so obviously clear how does one go about computing these twisted
determinants, but as a start, we shall first review the trick in [33] where the Z2 twisted
determinant can be expressed in terms of the untwisted one. Of course, once this is obtained,
it is valid for any orbifold of any compact boson of any radius.
The trick employed delicately in [33] is to use the fact that this symmetric orbifold back-
ground is equivalent to that of another compact boson of either half or two. For the purely
toroidal CFT, there is no notion of ‘twisted sectors’, but it turns out that one can decompose
the partition function in terms of a sum of partition traces equivalent to the decomposition
in a symmetric Z2 orbifold. Explicitly as explained in [33],
∑
ǫ,γ∈{0, 1
2
}
Zquant.ǫ
∣∣∣∣θ
[
γ
0
]
(0|2τǫ)
∣∣∣∣
2
=
∑
ǫ,γ∈{0, 1
2
}
Zquant.0
∣∣∣∣θ
[
1
2
ǫa + γ
ǫb
]
(0|2Ω)
∣∣∣∣
2
(6.11)
where we have displayed the toroidal partition function on RHS and ǫa,b are the rows of ǫ
in (6.8). We note the appearance of another Z2-valued index γ. On the LHS, this simply
arises from the fact that the partition function of the self-dual boson can be expressed as
the sum of the absolute square of two genus one theta functions. On the RHS, this index
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can be interpreted as a projection on even momentum states. Such an equivalence (sector
by sector in γ) allows us to express the twisted determinant in terms of the untwisted one,
and implies the modular covariance of the simplest T-fold to all orders in string perturbation
theory. Now, the ratio should be independent of the index γ, and indeed this is nothing but
the Schottky relation we encountered earlier in (6.9). Thus,
Zquant.ǫ (Ω) =
∣∣∣∣∣∣∣∣∣
θ
[
1
2
ǫa + γ
ǫb
]
(0|2Ω)
θ
[
γ
0
]
(0|2τǫ)
∣∣∣∣∣∣∣∣∣
2
Zquant.0 (Ω) (6.12)
for any choice of γ = {0, 1
2
}.
In the case of the simplest T-fold, we have observed earlier that by virtue of some identities
among the theta functions and eta function, the partition traces are equivalent to that of the
symmetric Z2 orbifold. This equivalence allows us to write down the higher-genus partition
traces where the Z2-valued phase factors are manifest. We begin by intuitively assembling
the holomorphic and anti-holomorphic pieces for each partition trace. (This is sometimes
referred to as ‘chiral-splitting’ or ‘holomorphic factorization’, as in for example [11].) Taking
the twist to act only on the right-movers, the excited stringy states should assemble to yield
Zquant.ǫ (Ω) =
θ
[
1
2
ǫa + γ
ǫb
]
(0|2Ω)
θ
[
γ
0
]
(0|2τǫ)
Zquant.0 (Ω), (6.13)
where now Zquant.ǫ pertains to the asymmetric Z2 orbifold. To be more careful, for one
to deduce the form of (6.13), one needs the untwisted determinant to be holomorphically
factorizable too, i.e. it can be written as the absolute square of some complex function of the
period matrix. It turns out that this can be done by a description of the Riemann surface via
Schottky uniformization, i.e. representing the curve as the quotient of the Riemann sphere
by discrete subgroups of SL(2,C). In such a description (see [48, 49]), there are appropriate
higher-genera analogues of the variables q, q¯ carrying with them information about the twist
and length of each handle. and the untwisted determinant can be expressed as the absolute
square of some complex function of q.6 Since we do not need explicit details of such a
construction in this paper, we leave it to the interested reader to refer to [48, 49] for the
explicit mathematical proof and also the Appendix of [50] for a review.
What about the instanton part? Let us denote by f(p) the phase factors that accompany
the orbifold twists. We can then write it as∑
PL,R
f(PL,R)e
iπ
2
PL·Ω·PLe−
iπ
2
PR·τ¯ǫ·PR (6.14)
6Of course, the full string path-integral involves integrating over the moduli space of Riemann surfaces,
and it is an open question of how to perform this integration in these variables for generic genus.
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based on the fact that we can create the momentum states in each sector independently by
the appropriate vertex operators. Formally, we need the proper machinery of an operator
formalism of CFT on higher-genus Riemann surfaces, such as the one proposed in [33], but for
the simplest T-fold we take good advantage of its equivalence to the ordinary circle theory to
justify the form of (6.14). The final ingredient is the derivation of the phase factors f(PL,R).
This we can do easily by equating it to the partition function of the symmetric Z2 orbifold
which yields
∑
PL,R
f(PL,R)e
iπ
2
PL·Ω·PLe−
iπ
2
PR·τ¯ǫ·PR =
θ
[
1
2
ǫa + γ
ǫb
]
(0|2Ω)
θ
[
γ
0
]
(0|2τǫ)
∑
PL,R
e
iπ
2
(p2Lτǫ−p2Rτ¯ǫ). (6.15)
Since the zero mode summation in the RHS of (6.15) is identical to the ordinary circle theory
on a torus worldsheet with complex structure τǫ, we can write it as a sum of theta functions
as ∑
PL,R
e
iπ
2
(p2Lτǫ−p2Rτ¯ǫ) =
∑
γ′={0, 1
2
}
∣∣∣∣∣θ
[
γ′
0
]
(0|2τǫ)
∣∣∣∣∣
2
. (6.16)
Since the RHS of (6.15) is also independent of γ, we can choose it to be identical to γ′
appearing in the RHS of (6.16) in each term in the summation, and obtain
∑
PL,R
f(PL,R)e
iπPL·Ω·PLe−iπPR·τ¯ǫ·PR = θ
[
0 0
0 1
2
]
(0|2Ω)
∑
m
e
−iπτ¯ǫ
2
(2m)2+θ
[
1
2
0
0 1
2
]
(0|2Ω)
∑
m
e
−iπτ¯ǫ
2
(2m+1)2 .
(6.17)
The final step involves reading off the phase factors f(PL,R). This turns out to be very easy
since
θ
[
0 0
0 1
2
]
(0|2Ω) =
∑
n1,n2
e2πi(n
2
1τ1+4βn2n1+n
2
2τ2)eπin2 (6.18)
θ
[
1
2
0
0 1
2
]
(0|2Ω) =
∑
n1,n2
e2πi((n1+
1
2
)2τ1+4βn2(n1+
1
2
)+n22τ2)eπin2 (6.19)
from which we see that the phase factors are nothing but eπin2 after identifying
PR = (n1 −m, 0), PL = (n1 +m, 2n2). (6.20)
This also tells us that the quantum numbers running along the twisted handle and the
untwisted ones in the unramified double cover are related in the usual way for the left and
right momenta in the Narain lattice, such that we can take them to be two sets of integers
with identical parity. In Figure 3, we sketched a string instanton configuration on the
unramified cover which will receive a non-trivial twist phase factor. Now, one can also check
that this is consistent with the separating and pinching limits of the genus-two worldsheet.
42
Figure 3: The unramified double covering corresponding to a Z2 twist inserted in a b-cycle.
We have put in a classical string configuration with an unit winding number (i.e. n2 = 1 in
(6.20)) along each cycle of the twisted handle. The twist phase factor reads (−1)n2 .
Thus, this seems to suggest that the twist phase factors simply depend on the residual
winding numbers which are defined on the twisted handle.
Our preceding discussion pertains to the partition trace Z
(0,1)
(0,0) . It is useful to study how
these phase factors appear in the partition trace Z
(1,1)
(0,0) , by performing a suitable modular
transformation on Z
(0,1)
(0,0) . The Sp(4,Z) element we need is

1 −1 −1 1
0 1 1 0
0 0 1 0
0 0 1 1

 (6.21)
and the corresponding twist reads
ǫ =
(
0 0
1
2
1
2
)
, PR = (0, 0), PL = (2n1, 2n2). (6.22)
From the modular property of the theta functions, we found the partition trace to read
Z
(1,1)
(0,0) =
(∣∣∣∣θ
[
0 0
1
2
1
2
]
(2Ω)
∣∣∣∣
2
+
∣∣∣∣θ
[
1
2
1
2
1
2
1
2
]
(2Ω)
∣∣∣∣
2
)
Zq0(Ω). (6.23)
Expanding the theta functions in (6.23), we find the twist phase factors of the form eiπ(n1+n2),
where n1, n2 are integer quantum numbers that can be interpreted as the residual winding
numbers along each handle (see Figure 4 ). In the separation limit (see (A.23)), this trace
turns into a product of the one-loop partition traces Z10 (τ1)Z
1
0 (τ2) of the simplest T-fold, as
expected.
7 Discussion
In this paper, we have presented a study of asymmetric orbifolds of tori, with the orbifold
group being some ZN subgroup of the T-duality group and, in particular, provide a concrete
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Figure 4: The unramified double covering corresponding to a Z2 twist (see (6.22)) inserted in
both b-cycles. Like in Fig. 3, we have depicted a disconnected classical string configuration
with an unit winding number along each cycle of the twisted handle (i.e. n1 = n2 = 1 in
(6.22)). For this string instanton, the twist phase factor is trivial since (−1)n1+n2 = 1.
understanding of certain phase factors that may accompany the T-duality operation on the
stringy Hilbert space in toroidal compactification. We have explicitly explained how this
phase factor is related to the symmetry and locality properties of the closed string vertex
operator algebra, and clarified the role that it plays in the modular covariance of the orbifold
theory. The mutual locality of vertex operators requires the presence of 2-cocycle maps which
help to realize a simple set of constraint equations for the T-duality twist phase factor. These
equations descend from preserving the corresponding symmetry of the operator algebra after
it has been decomposed into eigenspaces of the twist. They can be interpreted as solving for
a certain ratio of the two-cocycles - ǫ (α, β) /ǫ (g(α), g(β)) to be a trivial class of H2(Λ, U(1)),
subject to certain orbifold group action-dependent constraints for the one-cochains or twist
phase factors. Evaluated upon the invariant sublattices, the twist phase factors are trivial
elements of H1(Λ, U(1)) and they should also furnish a representation of ZN .
As a start, we have focussed on those orbifolds of which twist is trivial in one chiral sector.
When the toroidal lattice is the root lattice of some simple Lie algebra, the allowed twists
belong to its inner automorphism, and we have computed the T-duality twist phase factors by
solving the triviality condition for two-dimensional and six-dimensional examples, the latter
being motivated by thinking about asymmetric orbifold points of CY3 compactification of
the heterotic string. Upon evaluation on the residual sublattices in the partition traces Zg0 ,
the twist phase factors ensure that
Z0h(τ +Nh) = e
iδZ0h(τ), (7.1)
where Nh is the order of the twist h and δ is some real constant. These twist phase factors
arise as necessary conditions for T-duality to be an automorphism of the operator algebra,
and the constant phases δ in (7.1) will appear in level-matching conditions together with
other phases that appear after tensoring the bosonic orbifold CFT with other CFTs like that
of twisted fermions, shift orbifolds, etc., in the larger string theory. It should be interesting
to furnish an equivariant geometric understanding of the modular covariance of asymmetric
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orbifolds by studying how the methods of [36] and [51] extend to twist phase factor-refined
lattice sums. In the seminal work [52], it was shown that modular covariance and fusion rule
algebras are related via imposing certain cohomological conditions on the fusing matrices,
and thus, it would be nice to study if the twist phase factors can be understood more so in
such a manner. If so, it would enable us to study their appearances in other types of orbifolds
in particular those which can be described in the language of defect lines ([53, 54, 55]).
For the worldsheet theory at higher genus, we have also taken some preliminary steps
towards understanding the twist phase factors. Of course, at least in principle, what is
required is an appropriate Hamiltonian formalism for CFT at higher genus (such as that
proposed in [33]) that is within our grasp such that we can generalize our derivation of the
T-duality twist phase factor. Nonetheless, as shown in Section 6, we manage to do this for
the simplest T-fold - basically by virtue of its equivalence to a geometric orbifold ([33]), and
in this case, we saw that the twist phase factor can be simply described in terms of the
residual winding numbers defined on the handle cut by the twist. It would be interesting
to develop this further for generic asymmetric orbifolds (see also Section 2.1 of [6] in this
aspect).
The other natural generalizations of this work include a more systematic classification of
asymmetric orbifolds (and the corresponding twist phase factors) along the lines of that done
in [56, 57], uncovering their M and F theory origins in the spirit of [58], and extending our
study of twist phase factors to asymmetric toroidal orientifolds (see for example [59, 60]). We
have focussed entirely on the closed string sector, and it would be worthwhile to study the
role of these phase factors in the boundary states of D-branes that couple to the asymmetric
orbifolds [61]. There has been a number of interesting papers on this issue in the past
(see [62, 63, 64, 65, 66]), and a more systematic understanding would possibly yield some
new non-geometric brane backgrounds via orbifold construction apart from those studied in
[67, 68].
Finally, for those keen in studying modern duality-covariant frameworks like ‘Double
Field Theory’, it would be interesting to see how these phase factors arise in those settings
where the non-geometric twists may at least naively appear as geometric ones. Already
in the seminal papers [5, 6], the twist phase factors are motivated right from the outset by
requiring consistent holomorphic factorization of a larger non-chiral bosonic theory, and they
are indispensable for one being able to take the square root of stringy instanton sum in the
latter as well as modular covariance properties. Our work clearly supports this philosophy.
Asymmetric shift orbifolds presented in Section 4.5 were first explored in the context of a
T-duality covariant sigma model [27] in [50]. It would be interesting to see how these twist
phase factors appear in the path-integral of ‘doubled’ string sigma models.
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A On modular covariance
In this section, we will derive the modular covariance of genus-one characters. Let Φ denote
some target space field, and introduce the periodic worldsheet coordinates σ1,2 ∼ σ1,2 + 1
with worldsheet metric
ds2 =
1
Im(τ)
|dσ1 + τdσ2|2 (A.1)
Under SL(2,Z), the coordinates and complex structure transform as
τ =
aτ˜ + b
cτ˜ + d
, σ˜1 = dσ1 + bσ2, σ˜2 = cσ1 + aσ2. (A.2)
Taking σ1,2 to be the space and time directions respectively, by definition,
Φ(σ1 + 1, σ2) = h ◦ Φ(σ1, σ2), Φ(σ1, σ2 + 1) = g ◦ Φ(σ1, σ2), (A.3)
and we then have
Φ(σ˜1 → σ˜1 + 1, σ˜2) = Φ(σ1 → σ1 + a, σ2 → σ2 − c) = hag−c ◦ Φ(σ˜1, σ˜2), (A.4)
Φ(σ˜1, σ˜2 → σ˜2 + 1) = Φ(σ1 → σ1 − b, σ2 → σ2 + d) = h−bgd ◦ Φ(σ˜1, σ˜2), (A.5)
which is the modular covariance relation in (2.1). We can pick τ → τ + 1 and τ → −1/τ
to be the two generators of SL(2,Z) and study if (2.2) is satisfied for consistent asymmetric
orbifolds. In general, the partition traces do not mix entirely among one another, and there
is a U(1) phase degree of freedom ǫ(g, h) that we can assign to each twisted sector when
we compute the complete partition sum. Let N be the order of the finite abelian7 orbifold
group G, then
Z(τ) =
1
N
∑
g,h
ǫ(g, h)Zgh(τ) (A.6)
7For non-abelian groups, the sum over g involves summing over the maximal subgroup that commutes
with h.
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where we have also inserted the discrete torsion ǫ(g, h) that is related to the two-cocycles
ξ(g, h) of the cohomology of the orbifold group valued in U(1), i.e. H2 (G,U(1)), via the
relation ǫ(g, h) = ξ(g, h)/ξ(h, g).8 For our purpose, we will be dealing with ZN orbifolds in
our explicit examples, in which case the discrete torsion can be set to unity. They may
however arise when there are multiple ZN actions.
A.1 Modular Covariance of Chiral Blocks
Let gR denote a ZN orbifold generator acting on just the right-movers of a closed bosonic
string, where the ZN acts on a flat T
2 with eigenvalues e±2πi/N . We begin by considering
the following chiral block in some twisted sector where states are twisted by the element θk,
and in which we insert a chiral orbifold generator glR.
χlk(τ) ≡ Trk
(
glRq
L0
)
, (A.8)
where l = 1, 2, . . . , N − 1. Similarly, we can consider an anti-chiral block in the left sector
and write
χlk(τ¯ ) ≡ Trk
(
glLq¯
L¯0
)
(A.9)
Multiplying these blocks together give us the partition traces of the orbifold theory where
the orbifold generator g = gR ⊗ gL,
Z lk(τ) = χ
l
k(τ)χ¯
l
k(τ¯) (A.10)
For the moment, we shall exclude all zero mode contributions to L0 (which is suitably
normal-ordered, i.e. it contains the casimir energy relevant to periodic boundary conditions
). This counts the oscillators’ modes for the right-movers, with the insertion of the operator
glR. For a generic flat T
2 compactification, this character can be expressed in terms of theta
functions with characteristics. For example, in the untwisted sector,
χl0(τ) = q
− 1
12
∞∏
m=1
(
1− qme 2πilN
)−1 (
1− qme− 2πilN
)−1
= 2 sin
(
lπ
N
)
η(τ)
θ
[
1
2
| l
N
− 1
2
]
(τ)
(A.11)
where the Jacobi theta function is defined as
θ [α|β] (τ) ≡ η(τ)e2πiαβq α
2
2
− 1
24
∞∏
m=1
(
1 + qm+α−
1
2 e2πiβ
) ∞∏
m=1
(
1 + qm−α−
1
2 e−2πiβ
)
8 The two-cocycles satisfy the defining relation
ξ(g, hf)ξ(h, f) = ξ(g, h)ξ(gh, f) (A.7)
and the phases ǫ(g, h) can be interpreted as measuring the discrete torsion of the cohomology (see for example
[69, 70]). It represents the extra ambiguity that one can associate to Zgh(τ) in preserving the relation (2.1).
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=
∞∑
m=−∞
eiπ(n+α)
2τ+2πi(n+α)β . (A.12)
Similarly, we can write down the chiral block in some twisted sector k, with some insertion
of glR.
χlk(τ) = ie
iπ l
N
( k
N
−1)
√
χ(gkR, g
l
R)q
− k
2N
( k
N
−1)− 1
12
∞∏
n=1
(
1− qn− kN e2πi lN
)−1 (
1− qn−1+ kN e−2πi lN
)−1
= e−iπ
k
N
( l
N
−1)
√
χ(gkR, g
l
R)
η(τ)
θ
[
1
2
− k
N
| l
N
− 1
2
]
(τ)
(A.13)
where χ(gkR, g
l
R) is the number of common fixed points of g
k
R and g
l
R where for the moment,
gR is taken to be a geometric ZN twist. We note that χ(θ
l) = 4 sin2 πl
N
. The terms in
the product count the excited states created by the oscillators (in the diagonal basis of
the twist) aˆ−(n− k
N
), aˆ
∗
−(n−1+ k
N
)
, n > 0, while the vacuum energy in the twisted sector reads
− 2
24
+ k
2N
(1− k
N
). The factor
√
χ(gkR, g
l
R) is reminiscent of a similar factor (without the square
root) in the corresponding symmetric orbifold, in which the fixed points label distinct Fock
vacua. Last but not least, the factor eiπ
l
N
( k
N
−1) is inserted so that the chiral block transforms
covariantly under the modular SL(2,Z).9 Using the relations
θ [α|β] (τ + 1) = e−iπ(α2−α)θ
[
α|α+ β − 1
2
]
(τ), θ [α|β] (−1
τ
) =
√−iτe2πiαβθ [−β|α] (τ)
η(τ + 1) = e
iπ
12 η(τ), η(−1/τ) = √−iτη(τ). (A.14)
we can show that chiral blocks χlk(τ) transform as
χlk(τ + 1) = e
− iπ
6 χl−kk (τ), χ
l
k(−1/τ) = e−
iπ
2 χ−kl (τ) (A.15)
and with conjugate phase factors for the anti-chiral blocks. Even without the extra phase
factors eiπ
l
N
( k
N
−1) in the partition trace, any U(1) valued modular anomaly in the chiral sector
is cancelled away by the opposite factor in the anti-chiral half, so there is no concern for one-
loop modular anomaly arising in this manner. This is of course provided that the insertion
of these phases is justified from the operator point of view (or from other considerations
like discrete torsion). For symmetric orbifolds, we can do away with these factors because
regardless of the sector, the phase factors come in conjugate pairs and thus cancel away in
the partition trace Z lk.
There is another feature about these blocks that is important because it relates to level-
matching in the string theory. This is the fact these blocks do not furnish a faithful repre-
sentation of the ZN group, a problem which is sometimes referred to as a ‘global anomaly’.
9Under a SL(2,Z) element γ which takes τ to (aτ + b)/(cτ + d), it transforms as θ [ǫ|ǫ′] (0, γ(τ)) =
κ [ǫ|ǫ′; γ]√cτ + dθ [aǫ+ cǫ′ − ac|bǫ+ dǫ′ + bd] (0, τ), κ [ǫ|ǫ′; γ] ≡ e2πi(− 14 (aǫ+cǫ′)bd− 18 (abǫ2+cdǫ′2+2bcǫǫ′))κ (γ)
where κ (γ) is a γ dependent eighth root of unity. For our purpose, we only need the values κ(−1) =
−i, κ (γ(τ) = −1/τ) = e−pii4 , κ (γ(τ) = τ + 1) = 1.
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To see this, one can easily verify that
χl+Nk (τ) = e
iπ( k
N
−1)χlk(τ), χ
l
k+N(τ) = −e−iπ
l
N χlk(τ) (A.16)
We shall adopt, as a consistency principle of the asymmetric orbifold, the rule that when
all the various chiral blocks are assembled together, the phase factors should sum up to be
trivial. By definition, this leads to constraints on the allowed twists and thus the ground
state energies of L0 and L¯0. We should mention that without the additional phase factors
eiπ
l
N
( k
N
−1), the blocks χ˜ now transform as
χ˜l+Nk (τ) = χ˜
l
k(τ), χ˜
l
k+N(τ) = −e−2iπ
l
N χ˜lk(τ) (A.17)
For a symmetric orbifold, there is thus no global anomaly of the partition traces.
For higher-genus worldsheets, the stringy instanton sums can be expressed in terms of
theta functions associated with Riemann surfaces endowed with the period matrix in (6.2)
which are defined as (see for example [71, 47])
θ
[
~a
~b
]
(~z,Ω) =
∑
~n∈Zg
exp
[
iπ(~n + ~a) · Ω(~n+ ~a) + 2πi(~n+ ~a)(~z +~b)
]
(A.18)
where the g-dimensional vectors ~a,~b ∈ Rg are known as its characteristics. On the theta
functions characteristics, an element of Sp(2g,Z) acts as[
~a′
~b′
]
=
(
D −C
−B A
)[
~a
~b
]
+
1
2
[
(CDT )diag.
(ABT )diag.
]
(A.19)
with the complete transformation law being
θ
[
~a′
~b′
]
(Ω′) = ξ(M)e−iπφ(~a,
~b,Ω)Det (CΩ +D)
1
2 θ
[
~a
~b
]
(Ω)
φ(~a,~b,Ω) = ~a ·DTB · ~a +~b · CTA ·~b− 2~a ·BTC ·~b+ (~a ·DT −~b · CT ) · (ABT )diag.
(A.20)
where ξ(M) is a constant eighth root of unity and is equal to e
iπ
4
Tr(D−1) if M is equivalent
to the identity matrix modulo two. The symplectic group is isomorphic to the quotient of
the mapping class group modulo the Torelli subgroup which consists of Dehn twists along
homologically trivial cycles on the Riemann surface. We can represent the canonical cycles
as a 2g-dimensional vector on which the Sp(2g,Z) matrices act on. Each symplectic element
can be taken as some product of Dehn twists around the canonical cycles.
It is useful to briefly discuss degeneration limits which we have used as consistency checks
in Section 6. To this end, we parametrize the period matrix Ω in terms of three independent
parameters as follows
Ω =
(
τ1 2β
2β τ2
)
, τ1,2, β ∈ C (A.21)
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Recall that there are two classes of degeneration limits corresponding to whether one is
squeezing a homologically trivial or non-trivial cycle. One can pinch any of the two handles
by taking τ1 → i∞ or τ2 → ∞, yielding a torus with a double point. The genus two theta
functions then reduce to those defined on the torus in the following manner
lim
τ2→i∞
θ
[
a1 a2
b1 b2
]
(0|Ω) = θ
[
a1
b1
]
(0|τ) if a2 ∈ Z,
lim
τ2→i∞
θ
[
a1 a2
b1 b2
]
(0|Ω) = e iπτ24
(
e
iπb2
2 + eiπ(a1b1−
b2
2
)
)
θ
[
a1
b1
]
(β|τ) if a2 ∈ Z+ 1/2,
lim
τ1→i∞
θ
[
a1 a2
b1 b2
]
(0|Ω) = θ
[
a2
b2
]
(0|τ) if a1 ∈ Z,
lim
τ1→i∞
θ
[
a1 a2
b1 b2
]
(0|Ω) = e iπτ14
(
e
iπb1
2 + eiπ(a2b2−
b1
2
)
)
θ
[
a2
b2
]
(β|τ) if a1 ∈ Z+ 1/2,
(A.22)
whereas pinching a homologically trivial cycle leads to two tori linked by a long tube in the
limit β = 0, and in this separation limit, the theta function factorizes because
lim
β=0
θ
[
a1 a2
b1 b2
]
= θ
[
a1
b1
]
θ
[
a2
b2
]
− iβ
π
∂zθ
[
a1
b1
]
(z|τ1)∂zθ
[
a2
b2
]
(z|τ2)|z=0 + . . . (A.23)
A.2 Twisted chiral fermions with GSO projections
We can perform a similar analysis for complex fermions which we briefly review below. Apart
from the spin structures defined along the two homology cycles of the torus, one can compute
the twisted genus-one characters. Just like for the complex bosons, let i = 1, 2 denote the
toroidal directions in a basis where the orbifold action is diagonalized, and define the complex
chiral fermionic field ψ = 1√
2
(ψ1 + iψ2) with the following boundary conditions10
ψ (σ1 + 1, σ2) = −e2πiαψ (σ1, σ2) ,
ψ (σ1, σ2 + 1) = −e2πiβψ (σ1, σ2) . (A.24)
where α, β are twist parameters in the worldsheet space and time directions. We should
note that in the absence of orbifold twists, they refer to the sector and the GSO projection
respectively. The character can be computed easily after realizing the twist operator in
terms of the expansion modes of ψ. Writing ψ(z) =
∑
n∈Z ψˆn+α+ 12 e
−i(n+α+ 1
2
)z, the operator g
inserted in the trace is realized as g = e2πiβ
∑
k>0(ψ−kψ¯k−ψ¯−kψk), where ψ¯ refers to its complex
conjugate. Then the fermionic partition trace can be expressed as
χβα(τ) = q
α2
2
− 1
24
∞∏
m=1
(
1 + qn+α−
1
2 e−2πiβ
)(
1 + qn−α−
1
2 e2πiβ
)
10The negative sign arises as the path integral is performed with anti-periodic boundary conditions. It
can of course be removed with the insertion of (−1)F .
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= e2πiαβ
θ[α| − β](τ)
η(τ)
(A.25)
where as usual, the prefactor arises from a regularized one-point function of the fermion’s
energy momentum tensor. Now for ZN orbifolds, in some fixed twisted sector labelled by k
and with the insertion of gl, we can redefine the character (A.25) after summing up over the
spin structures and appropriate GSO projections. Thus, letting α, β ∈ {0, 1
2
}, we can write11
χlk(τ) =
∑
α,β
Cαβ(k, l)
θ
[
α+ k
N
| − β − 1
N
]
η(τ)
(A.26)
where Cαβ are some constant spin-structure coefficients that can be possibly managed to
preserve modular invariance, with α = 0, 1
2
labelling the NS and R sectors respectively. This
has of course been well-understood since a long time ago. Recall that in (A.26), the GSO
projection is manifest in the insertion of (−1)F in the partition trace but we have to specify
the phase factors that accompany each such insertion. For a critical string theory in the
light-cone gauge, we have four complex fermions. In the absence of the twists, the partition
trace in the left-moving sector then reads
Z±(τ) =
1
2η4(τ)

θ[0|0]4(τ)− θ
[
1
2
∣∣∣∣∣0
]4
(τ)− θ
[
0
∣∣∣∣∣12
]4
(τ)± θ
[
1
2
∣∣∣∣∣12
]4
(τ)

 (A.27)
where the various signs are picked to preserve modular covariance. We should note that
the last term is identically zero and so is the entire partition trace by a Jacobi’s identity,
indicating spacetime supersymmetry. Let us now insert the orbifold twists, and generalize the
various signs with the coefficients Cαβ(k, l). Requiring Z lk(τ +1) ∼ Z l−kk (τ) and Z lk(−1/τ) ∼
Z−kl (τ) up to phase factors yields the relations, after setting C00 = 1,
C0 1
2
(k, l) = −eiπ
∑
ki, C 1
2
0(k, l) = −1, C 1
2
1
2
(k, l) = eiπ
∑
ki (A.28)
where we have adopted the positive sign in the last term of the untwisted sum of (A.27),
and importantly, we find
Z lk
(
−1
τ
)
= e−2πi
∑
m lmkmZ−kl (τ) (A.29)
Z lk(τ + 1) = e
−πi∑m k2me
2πi
3 Z l−kk (τ). (A.30)
For the orbifolds we considered in the previous sections, the ZN twists sum to zero, so the
spin-structures coefficients are identical as in (A.27) and we have the same GSO projection
in each twisted sector Z lk, i.e.
Z lk(τ) =
1
2
Trk,NS
[
gˆlqL0(1− (−1)F )]+ 1
2
Trk,R
[
gˆlqL0(1 + (−1)F )] (A.31)
11We are taking |α+ k
N
| < 12 , otherwise, we have to send α→ α− 1.
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The condition that the twists sum to zero yields a vanishing partition trace too, by virtue
of a generalized Jacobi identity that reads
∑
α,β∈{0, 1
2
}
e2πi(α+β)
4∏
j=1
e2πiαkjθ [α+ lj |β + kj ] (τ) = 0, if
∑
m
km =
∑
m
lm = 0. (A.32)
A.3 Theta functions and modular covariance of the simplest T-
fold
We begin with the partition trace Z10(τ). For the right-movers, there is a residual instanton
sum that counts the distinct configurations invariant under the twist. These are string
geometries with winding number equal to momentum number. Taking into account the
twist phase factor (3.13) that refines the orbifold twist element, the chiral block reads
χ10(τ) =
1
η(τ)
∑
m
(−1)mqm2 = 1
η(τ)
θ4(2τ) (A.33)
while the anti-chiral block reads
χ¯10(τ¯) = q¯
− 1
24
∞∏
m=1
(1 + q¯m)−1 =
√
2η(τ¯)
θ2(τ¯)
(A.34)
Under τ → τ + 1, each block develops a phase of e± iπ12 which thus cancels away, with the
instanton sum being invariant. Under τ → − 1
τ
, we obtain the partition trace in the twisted
sector, with
χ01(τ) =
θ2(
τ
2
)√
2η(τ)
, χ¯01(τ¯) =
√
2η(τ¯)
θ4(τ¯)
. (A.35)
Further performing τ → τ + 1, we arrive at
χ11(τ) =
θ2(
τ+1
2
)√
2e
iπ
12 η(τ)
= e
iπ
24
θ2
(
1
4
; τ
2
)
η(τ)
, χ¯11(τ¯) = e
− iπ
24
√
2η(τ¯)
θ3(τ¯)
(A.36)
The partition trace Z11 should be invariant under τ → − 1τ , and further performing τ → τ +1
should bring it back to Z01 . These can be straightforwardly verified using the properties of
the theta and eta functions, with perhaps the only slighty trickier step being to show that
θ2
(
1
4
;
τ
2
)
=
∑
n
e
iπ
2
(n+ 1
2
)+ iπτ
2
(n+ 1
2
)2
= e
iπτ
8
+ iπ
4
(∑
m
(−1)meiπτ(2m2−m) + e−πi2 (2m+1)+πiτ(2m+1)m
)
=
√
2
∑
m
(−1)mq(m− 14 )2
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=
1√−iτ
∑
m
e−
iπ
2τ
(m− 1
2
)2− iπ
2
(m− 1
2
) (A.37)
where we have performed a Poisson resummation in the last step. Then it is clear that under
S,
θ2
(
1
4
;
τ
2
)
→√−iτ θ2
(
1
4
;
τ
2
)
(A.38)
Symbolically, we summarize the action of the mapping class group elements S and T on the
partition traces as follows. We have started with a refined Z2 orbifold element, then gener-
Z11 SZ01
T
Z10
ST
Figure 5: The modular covariance of the genus-one characters of a Z2 orbifold.
ating the rest of the partition traces by the action of S and T . For the twisted sector Z01 ,
in the case of the geometric Z2 orbifold, there is an overall factor of two which corresponds
to the two sectors of Fock vacua labelled by the two zero modes x0 = {−π, π} which are
fixed points under the geometric reflection twists. The reflection kills off the zero mode con-
tributions, yet the stringy Hilbert space decomposes into two separate sectors each labelled
by one value of x0. When the twist is asymmetric, the right-moving sector has surviving
zero modes, and the instanton sum replaces the factor of two that appears in the twisted
sector of the geometric Z2 orbifold. Of course, in the generic case, the twisted sectors of an
asymmetric orbifold can have degeneracies too, and as first mentioned in [5] and [6], it is
a non-trivial fact that the degeneracy factors are integers (as they should be) and can be
expressed generally as
D =
√
Det(1− θL)Det(1− θR)
|I∗/I| (A.39)
where I is the sublattice of Λ invariant under the orbifold twist, and I∗ its dual. As
mentioned in Section 4.4, for chiral asymmetric orbifolds, the degeneracy in (A.39) reads√
4 sin2 πk
N
/
√
Det(2G) in our notations where G is the torus metric and the twist eigenvalue
is e2πik/N . The origin of this factor was explained in [5] and [6] to be equivalent to the di-
mension of the irreducible representation of the vertex operators corresponding to untwisted
states provided we tensor the vertex operators with a matrix-valued cocycle that acts only
on the fixed points of the twist.
What happens when we decide not to augment the chiral reflection with the U(1) factor
(−1)n in χ10(τ)? We find that the relation in Fig. 5 is not satisfied because instead of θ4(2τ)
in χ10(τ), we have θ3(2τ). After performing τ → − 1τ , we have θ3
(
τ
2
)
instead of θ2
(
τ
2
)
in
χ01(τ), yet θ3
(
τ+1
2
)
does not have the same transformation property as θ2
(
τ+1
2
)
in (A.37).
To see this explicitly, let’s first Poisson resum to write
θ3
(
τ + 1
2
)
=
1√−2iτ
∑
n
e−
iπn2
2τ + e
iπτ
2
− iπ
2τ
(n+τ)2
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=
1√−2iτ
∑
n
(1 + (−1)n) e− iπn
2
2τ =
√
2i
τ
θ3
(
−2
τ
)
(A.40)
Under S, we then have
θ3
(
τ + 1
2
)
S→ √−2iτ θ3(2τ) (A.41)
Thus, up to a phase of e−
iπ
12 , we find that χ11 maps back to χ
1
0 instead of being invariant
under S. Another way to see that it doesn’t work is to see that Z01 doesn’t map back to
itself under τ → τ + 2, i.e. no level-matching.
B Twist phase factors of some chiral asymmetric orb-
ifolds of T 6
B.1 E6 orbifolds
We first consider chiral Z3 and Z12 orbifolds of the E6 torus, and pick our moduli matrix
E = G+B to be
E =


1 −1 0 0 0 0
0 1 −1 0 0 0
0 0 1 −1 0 −1
0 0 0 1 −1 0
0 0 0 0 1 0
0 0 0 0 0 1


(B.1)
The Z3,Z12 twists which we shall discuss below are constructed by taking suitable products of
the Weyl reflections. Let αi, i = 1, 2, . . . 6 denote its six simple roots
12, and let ri denote the
Weyl reflection associated with the root αi. Realizing the twist as θ acting on the metric G by
G→ θGθT , it is straightforward to compute them to be (r0 = −α1−2α2−3α3−2α4−α5−2α6
is the lowest root which appears in the extended Dynkin diagram)
θZ3 = r1r2r4r5r6r0 =


−1 −1 0 0 0 0
1 0 0 0 0 0
−1 −1 −2 −1 0 −1
0 0 0 −1 −1 0
0 0 0 1 0 0
1 2 3 2 1 1


(B.2)
12Let ei denote the vector with unity as its ith component and zero for the rest, then αi = ei− ei+1, α5 =
e4 + e5, α6 =
1
2 (−e1 − e2 − e3 − e4 + e5 +
√
3e6).
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θZ12 = r1r2r3r4r5r6 =


−1 −1 −1 −1 −1 −1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 1 1 1 0


(B.3)
When treated as geometric twists, they yield singular compact manifolds of Euler numbers
48 and 45 respectively, but as asymmetric twists, they are simply realized as symmetries on
the stringy Hilbert space.
B.1.1 Z3 orbifold
Let us first consider the Z3 orbifold for which there is only one independent SL(2,Z) orbit.
We find the following twist phase factors characterized by the following Q′s (recall that
U = eiN
TQN , N = (n m)).
QZ3 = π


a1
2
1
2
3
2
3
2
3
2
2 1 1
2
3
2
1
2
1
2
1
2
1
2
a2
2
3 3 3 4 1 3
2
7
2
1 1 1
3
2
3 a3
2
3
2
3 3 0 0 9
2
0 0 0
3
2
3 3
2
a4
2
2 1 1
2
1
2
5
2
1 1
2
1
2
3
2
3 3 2 a5
2
1 1 1 1
2
1 3
2
1
2 4 3 1 1 a6
2
1 1 2 1 1 3
2
1 1 0 1
2
1 1 a7
2
0 3
2
0 0 0
1
2
3
2
0 1
2
1 1 0 a8
2
3
2
0 0 0
3
2
7
2
9
2
5
2
1
2
2 3
2
3
2
a9
2
3
2
3
2
3
2
1
2
1 0 1 1 1 0 0 3
2
a10
2
0 0
1
2
1 0 1
2
3
2
1 0 0 3
2
0 a11
2
0
1
2
1 0 1
2
1 3
2
0 0 3
2
0 0 a12
2


(B.4)
where the constants ai are partially fixed by (4.53) to satisfy (mod 4)
a1 = a7 = a8+a9+a10, a2 = 2+a9+a10, a3 = 2+a10, a4 = 0, a5 = a11, a6 = a10+a12. (B.5)
In the partition trace Z10 , the twist phase factor reads, upon evaluated on the invariant
sublattice,
U(θ, p˜) = ei
π
2 ((a1+a7)m21+(2+a1+a2+a8)m22+(a2+a3+a9)m23++(2+a3+a4+a10)m24++(a4+a5+a11)m25+(2+a3+a6+a12)m26)
(B.6)
Imposing (B.5) in (B.6) renders the latter trivial, in agreement with our earlier point that
for chiral asymmetric orbifolds where there are no residual zero modes in the twisted half,
the twist phase factor as evaluated on the invariant sublattice has to be trivial for twist of
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odd orders. Thus, in this case, we simply have to consider the (unweighted) E6 lattice sum
which reads
ΘE6(τ) =
1
2
[
θ3(3τ)θ
5
3(τ) + θ4(3τ)θ
5
4(τ) + θ2(3τ)θ
5
2(τ)
]
(B.7)
The dual lattice sum can be easily obtained in this case by invoking Jacobi’s inversion formula
which yields
ΘE∗6 (τ) =
1
2
[
θ3(
τ
3
)θ53(τ) + θ2(
τ
3
)θ52(τ) + θ4(
τ
3
)θ54(τ)
]
(B.8)
and it can be checked that it is invariant under T 3, and thus this asymmetric orbifold is
perfectly modular covariant.
B.1.2 Z12 orbifold
On the other hand, for the Z12 orbifold, there are five independent SL(2,Z) orbits of which
trace representatives we can take to be {Z02 , Z03 , Z04 , Z06 , Z01}. Since θ, θ2 and θ4 have no
eigenvalue equal to unity, the invariant sublattice in these partition traces is nothing but the
E6 lattice. The twist phase factor reads
Q =
π
2


a1 1 1 1 1 1 1 0 0 0 0 0
1 a2 1 1 1 1 0 1 0 0 0 0
1 1 a3 1 1 1 0 0 1 0 0 0
1 1 1 a4 1 0 0 0 0 1 0 0
1 1 1 1 a5 0 0 0 0 0 1 0
1 1 1 0 0 a6 0 0 0 0 0 1
1 0 0 0 0 0 a7 0 0 0 0 0
0 1 0 0 0 0 0 a8 0 0 0 0
0 0 1 0 0 0 0 0 a9 0 0 0
0 0 0 1 0 0 0 0 0 a10 0 0
0 0 0 0 1 0 0 0 0 0 a11 0
0 0 0 0 0 1 0 0 0 0 0 a12


(B.9)
On the invariant sublattice, the phase factor in (B.9) reads
ei
π
2
((2+a1+a7)m1+(a1+a8+a2)m2+(a2+a3+a9)m3+(a3+a4+a10)m4+(a4+a5+a11)m5+(a3+a6+a12)m6) (B.10)
There are no constraints on the parameters ai but we can choose all of them to vanish except
for a1 = a8 = 2 to get (B.9) to be trivial in Z
1
0 , Z
2
0 and Z
4
0 . Then one would find that the
appropriate level-matching conditions below are satisfied.
Z01 (τ + 12) = Z
0
1(τ), Z
0
2 (τ + 6) = Z
0
2 (τ), Z
0
4(τ + 3) = Z
0
4(τ) (B.11)
by virtue of invariance of under τ → τ + 3. For the other two traces, one has find the
invariant sublattices first. They are turn out to be the same eight-dimensional lattice in Z30
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and Z60 , and can be conveniently described by projecting the residual left and right Narain
momenta onto the eight-dimensional integral vector ~v = {n1, n2, m1, m2, m3, m4, m5, m6}
with the projection matrices P˜L = PL · ~v, P˜R = PR · ~v. Explicitly, the projection matrices
read
PL =


1 0 1 0 0 0 0 0
0 1 −1 1 0 0 0 0
−1 −1 1 −1 1 −1 0 −1
1 0 −1 1 −1 2 −1 0
0 1 0 −1 1 −1 2 0
0 0 0 0 −1 0 0 2


, PR =


1 0 −1 1 0 0 0 0
0 1 0 −1 1 0 0 0
−1 −1 1 0 −1 0 0 0
1 0 −1 1 0 0 0 0
0 1 0 −1 1 0 0 0
0 0 0 0 0 0 0 0


(B.12)
from which one can compute the lattice matrix Υ straightforwardly, and check that with
our choice of the parameters ai, the twist phase factor becomes trivial, and also we have the
level-matching conditions
Z06 (τ + 2) = Z
0
6 (τ), Z
0
3(τ + 4) = Z
0
3(τ). (B.13)
Since we have taken into account the representatives of the five SL(2,Z) orbits, we thus
conclude that this orbifold theory is modular covariant.
B.2 Asymmetric SU(7) Orbifold
We now consider chiral Z7 orbifolds of the SU(7) torus, and pick our moduli matrix E =
G+B to be
E =


1 −1 0 0 0 0
0 1 −1 0 0 0
0 0 1 −1 0 0
0 0 0 1 −1 0
0 0 0 0 1 −1
0 0 0 0 0 1


(B.14)
The Z7 twist which we shall discuss below is constructed by the Coxeter element of the Weyl
group. Let αi, i = 1, 2, . . . 6 denote its six simple roots, then the twist is defined by the
product of each Weyl reflection associated with αi, i.e.
θZ7 = r1r2r3r4r5r6 =


−1 −1 −1 −1 −1 −1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0


(B.15)
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We find the following twist phase factor characterized by the following Q.
Q =
π
2


a1 1 1 1 1 1 1 0 0 0 0 0
1 a2 1 1 1 1 0 1 0 0 0 0
1 1 a3 1 1 1 0 0 1 0 0 0
1 1 1 a4 1 1 0 0 0 1 0 0
1 1 1 1 a5 1 0 0 0 0 1 0
1 1 1 1 1 a6 0 0 0 0 0 1
1 0 0 0 0 0 a7 0 0 0 0 0
0 1 0 0 0 0 0 a8 0 0 0 0
0 0 1 0 0 0 0 0 a9 0 0 0
0 0 0 1 0 0 0 0 0 a10 0 0
0 0 0 0 1 0 0 0 0 0 a11 0
0 0 0 0 0 1 0 0 0 0 0 a12


(B.16)
where the diagonal constants are partially fixed by (4.53) to satisfy (mod 4)
a1 = 2 + a7, a2 = 2 + a7 + a8, a3 = 2 + a7 + a8 + a9, a4 = 2 + a7 + a8 + a9 + a10,
a5 = 2 + a7 + a8 + a9 + a10 + a11, a6 = 2 + a7 + a8 + a9 + a10 + a11 + a12 (B.17)
In the partition trace Z10 , the twist phase factor reads, upon evaluated on the invariant
sublattice,
U(θ, p˜) = ei
π
2 ((2+a1+a7)m21+(a1+a2+a8)m22+(a2+a3+a9)m23++(a3+a4+a10)m24+(a4+a5+a11)m25+(a5+a6+a12)m26)
(B.18)
Imposing (B.17) on (B.18) renders it trivial, in agreement with our general observation for
orbifold elements of odd order. This implies for the instanton sum, the phase factor δg is the
same. Since the order is a prime number, all we need to compute is the phase δ1 that the
dual A6 lattice sum picks up under the Dehn twist T 7. For a general N , the AN−1 lattice
sum reads
ΘAN−1(τ) =
∑N−1
k=0 θ3
(
kπ
N
|z)N
Nθ3(Nz)
. (B.19)
By the Jacobi inversion formula,
ΘAN−1(−1/τ) =
1√
N
(−iτ)N−12 ΘA∗N−1(τ) (B.20)
The factor (−iτ) is cancelled away by an identical term that arises from performing S on η(τ).
Thus, we only need to consider the dual A6 lattice sum. To check the monodromy under T 7,
it is slightly more convenient to scale the lattice and consider ΘA∗N−1(Nτ) that is associated
with
√
NA∗N−1. The Gram matrix can be chosen such that the quadratic form reads [72]
(sometimes called the Voronoi’s principal form of the first type) (N−1)∑N−1j=1 x2j−∑N−1i 6=j xixj
for integers xi, and thus
ΘA∗N−1(Nτ) =
∑
x
q(N−1)
∑N−1
j=1 x
2
j−
∑N−1
i6=j xixj (B.21)
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from which it is easy to see that the phase δ1 = 0 since ΘA∗7−1(τ + 7) = ΘA∗7−1(τ). Alter-
natively, it turns out that the dual A6 theta function was presented in a beautiful form by
Ramanujan in his ‘lost’ notebook [73]. Following Ramanujan, let’s first define the function
f(−q2) ≡
∞∑
k=−∞
(−1) k
2
2 qk(3k−1).
Ramanujan found that
ΘA∗6(τ) =
f 7(−q 27 )
f(−q2) + 7q
4
7
f−1(−q 27 )
f−7(−q2) + 7q
2
7 f 3(−q 27 )f 3(−q2) (B.22)
from which it is elementary to see that ΘA∗6(τ + 7) = ΘA∗6(τ).
B.3 Asymmetric SU(4)× SU(4) Orbifold
We consider the SU(4) root lattice with the following moduli and Z4 coxeter twist
E =

 1 −1 00 1 −1
0 0 1

 , θZ4 = r1r2r3 =

 −1 −1 −11 0 0
0 1 0

 . (B.23)
We find the following twist phase factor characterized by the following Q.
Q =
π
2


a1 1 1 1 0 0
1 a2 1 0 1 0
1 1 a3 0 0 1
1 0 0 a4 0 0
0 1 0 0 a5 0
0 0 1 0 0 a6


. (B.24)
where the diagonal constants are partially fixed by (4.53) to satisfy
a1 = a2 + a3 + a4 + a6, mod 4 (B.25)
with an arbitrary a5. In the partition trace Z
1
0 , the twist phase factor reads, upon evaluated
on the invariant sublattice,
U(θ, p˜) = ei
π
2 ((a1+a4−2)m21+(a1+a2+a5)m22+(a2+a3+a6)m23) ≡ e2πi(δ1m1+δ2m2+δ3m3) (B.26)
where mi are the residual winding numbers and δi are valued in
{
0, 1
2
}
. The instanton sum
is the theta function of the A3 lattice which, in the absence of possible weights in (B.26),
reads
ΘA3(τ¯ ) = θ(4τ¯)
3 + 3θ3(4τ¯)θ2(4τ¯)
2 =
1
2
[
θ33(τ¯) + θ
3
4(τ¯)
]
(B.27)
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Appearing in the twisted sector is the dual lattice sum which derives from a Poisson resum-
mation (4.68), and reads
ΘA∗3(τ¯ ) =
1
4
[
θ33(
τ¯
4
) + 3θ3(
τ¯
4
)θ24(
τ¯
4
)
]
= θ32(τ¯) + θ
3
3(τ¯) (B.28)
Let us now insert in Z2-valued periodic weights following (B.26). The constraint (B.25) tell
us while δ2 is arbitrary,
δ1 + δ3 =
1
2
. (B.29)
which nicely agrees with (B.25). With such a shift, the dual lattice sum (Θ(δ1,δ2,δ3)(τ¯ )) now
reads
Θ(
1
2
,δ2,0)(τ¯) = Θ(0,δ2,
1
2
)(τ¯) = 2q¯
3
32
(
1 + 3q¯1/4 + 3q¯1/2 + 4q¯3/4 + 6q¯ + . . .
)
=
1
4
θ32(
τ
4
) (B.30)
Since this appears in Z01 (and thus Z
0
3), we should check its transformation under T 4.
ΘδA∗3(τ¯ + 4) = e
− 3πi
4 Θδ(τ¯), (B.31)
whereas without the shift, we have
ΘA∗3(τ¯ + 4) = −θ32(τ¯) + θ33(τ¯). (B.32)
Thus, up to a constant phase anomaly of e−
3πi
4 , the presence of the twist phase factor
preserves the modular covariance of the theory. We should also look at the other independent
SL(2,Z) orbit containing the partition trace Z20 . The invariant sublattice turns out to be
four dimensional, and similar to the Z12 orbifold of E6, it can be conveniently described
by projecting the residual left and right Narain momenta onto the four-dimensional integral
vector ~v = {n1, m1, m2, m3} with the projection matrices P˜L = PL ·~v, P˜R = PR ·~v. Explicitly,
the projection matrices read
PL =

 1 1 0 0−1 0 1 −1
1 −1 0 2

 , PR =

 1 −1 1 0−1 1 −1 0
1 −1 1 0

 (B.33)
From the group composition law, the twist phase factor
U(θ2, p) = U(θ, p)U(θ, θ(p))
and on the invariant sublattice, it reads eiπ(n1+m1+m2) after (B.25) is taken into account,
again preserving invariance of Z02 under τ → τ +2 up to a constant phase anomaly of e−
3πi
2 .
When the other A3 lattice is taken into account, we are left with constant Z4 phase factors
which can be cancelled by appropriate shifts in the internal lattice.
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C On the operator algebra in the eigenbasis of the ZN
twist
In this Section, we will present the Kac-Moody algebra at level one discussed in Section 4.2
in the basis which we have used to compute the constraints for the 2 cocycle ǫ(α, β) by
relating them to the vertex operators’ cocycles. It is the one induced by an orbifold twist,
where the stringy Hilbert space decomposes into N eigenspaces of the ZN twist. First, we
rewrite equation (4.47) to read
V (α, z)[a] × V (β, w)[b] ∼ 1
N
N−1∑
δ=0
ǫ
(
θδ(α), β
)
e−
2πiδa
N
U(θδ, α)V
(
θδ(α) + β, w
)
[a+b]
(z − w)− 12αRθδRβR(z¯ − w¯)− 12αLθδLβL (C.1)
For the chiral asymmetric orbifolds considered earlier, either of the chiral sectors has no
surviving momenta zero modes, and our choice of the lattice metric leads to a Kac-Moody
algebra with level one. In the basis above, the singular terms appear whenever the conditions
α.θδ.β = −2 or β + θδ.α = 0 are satisfied in (C.1). Thus we can write (C.1) in the following
form.
V (α, z)[a] × V (β, w)[b] ∼ 1
N
N−1∑
δ=0
∑
αRθ
δ
RβR=−2
ǫ
(
θδ(α), β
)
e−
2πiδa
N
U(θδ, α)V
(
θδ(α) + β, w
)
[a+b]
(z − w)
+
1
N
N−1∑
δ=0
∑
βR+θδRαR=0
e−
2πiδa
N U(θδ, α)
(
δa+b,0
(z − w)2 +
iα[a+b]∂X(w)
z − w
)
(C.2)
where the projected momenta α[a] are defined as
α[a] =
1
N
∑
s
e−
2πisa
N θs · α
Defining a set of projected vector ǫ[a] to contract with the primaries ∂X , the other relevant
OPEs read
ǫ[a]k∂X
k(z)× V (α,w)[b] = 1
N2
N−1∑
r,s=0
e−
2πi(sa+rb)
N U(θr, α) (θs)mk ǫm∂X
keiθ
r(α)·X(w)
=
1
N2
(∑
s−r
e
−2πi(s−r)a
N α · θs−r · ǫ
)(∑
r
e−
2πir(a+b)
N U(θr, α)
V (θr(α), w)
z − w
)
= α · ǫ[a]
V (α,w)[a+b]
z − w (C.3)
and finally, between the oscillaors, we have
ǫ[a]k∂X
k(z)× η[b]l∂X l(w) = − 1
2N2
N−1∑
r,s=0
e−
2πi(s−r)a
N ǫ · (θT )s−r ηe− 2πir(a+b)N 1
(z − w)2
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= −1
2
ǫ[a]η
(z − w)2 δa+b,0. (C.4)
There is an analogous construction for the twisted sectors. The operator algebra is generated
by twisted vertex operators acting on a vacuum that has a non-zero conformal weight that
depends on the twist. Such a vacuum can be constructed by including orbifold twist fields
acting on the untwisted vacuum. The twist fields modify the integral modding to be fractional
for the oscillators, whereas the momenta zero modes should be generated by untwisted vertex
operators invariant under the twist. The enhanced affine symmetries that arise correspond
to the subalgebra associated with the automorphism of the original operator algebra. This
is the notion of ‘twisted affine algebras’ [74]. For example, for the class of chiral asymmetric
orbifolds discussed in the previous section, the twisted affine algebra is isomorphic to the
original algebra because the orbifold twist originates from an inner automorphism of the finite
Lie algebra of which roots generate the toroidal lattice. The equivalence of the unorbifolded
toroidal theories (ADE) to WZW theories at level one prompts the question of whether there
exists a corresponding map between asymmetric orbifolds of tori that enjoys enhanced affine
symmetries, and WZW orbifolds [75, 76].
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